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Preface

Electrical impedance tomography (EIT) seeks to recover the electrical con-
ductivity distribution inside a body from measurements of current flows and
voltages on its surface. The vast and growing literature reflects many possible
applications of EIT techniques, e.g., for medical diagnosis or nondestructive
evaluation of materials.

Since the underlying inverse problem is nonlinear and severely ill-posed,
general purpose EIT reconstruction techniques are likely to fail. Therefore it
is generally advisable to incorporate a-priori knowledge about the unknown
conductivity. One such type of knowledge could be that the body consists
of a smooth background containing a number of unknown small inclusions
with a significantly different conductivity. This situation arises for example
in breast cancer imaging or mine detection. In this case EIT seeks to recover
the unknown inclusions. Due to the smallness of the inclusions the associ-
ated voltage potentials measured on the surface of the body are very close
to the potentials corresponding to the medium without inclusion. So unless
one knows exactly what patterns to look for, noise will largely dominate the
information contained in the measured data. Furthermore, in applications it
is often not necessary to reconstruct the precise values of the conductivity or
geometry of the inclusions. The information of real interest is their positions
and size.

The main purpose of this book is to describe fresh and promising tech-
niques for the reconstruction of small inclusions from boundary measurements
in a readable and informative form. These techniques rely on accurate asymp-
totic expansions of the boundary perturbations due to the presence of the
inclusions. The general approach we will take to derive these asymptotic ex-
pansions is based on layer potential techniques. This allows us to handle inclu-
sions with rough boundaries. In the course of deriving our asymptotic expan-
sions, we introduce new concepts of generalized polarization tensors (GPT’s).
GPT’s contain significant information on the inclusion which will be investi-
gated. We then apply the asymptotic expansions for designing efficient direct



VI Preface

reconstruction algorithms to detect the location, size, and/or orientation of
the unknown inclusions.

This book would not have been possible without the collaborations and
the conversations with a number of outstanding colleagues. We have not only
profited from generous sharing of their ideas, insights and enthusiasm, but also
from their friendship, support and encouragement. We feel specially indebted
to Gen Nakamura, Jin Keun Seo, Gunther Uhlmann and Michael Vogelius.
This book is dedicated to our friendship with them.

We also would like to thank our colleagues Mark Asch, Yves Capde-
boscq, and Darko Volkov for reading parts of the preliminary version of the
manuscript and our students Ekaterina Iakovleva, Eunjoo Kim, Mikyoung
Lim, Kaouther Louati, Sofiane Soussi, Karim Touibi, and Habib Zribi for pro-
viding us with numerical examples or/and carefully reading our manuscript.

During the preparation of this book we were supported by ACI Jeunes
Chercheurs (0693) from the French Ministry of Education and Scientific Re-
search and Korea Science and Engineering Foundation through the grant R02-
2003-000-10012-0.

Paris and Seoul, Habib Ammari
May 2004 Hyeonbae Kang
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1

Introduction

Electrical Impedance Tomography (EIT) is designed to produce, efficiently
and accurately, images of the conductivity distribution inside a body from
measurements of current flows and voltages on the body’s surface. Due to
several merits of EIT such as safety, low cost, real time monitoring, EIT has
received considerable attention for the last two decades; see for instance the
review papers [255, 256, 78, 58] and the extensive list of references therein.
The vast and growing literature reflects many possible applications of EIT,
e.g., for medical diagnosis or nondestructive evaluation of materials. In medi-
cal applications, EIT could potentially be used for monitoring lung problems,
noninvasive monitoring of heart function and blood flow, screening for breast
and prostate cancer, and improving electrocardiograms and electroencephalo-
grams [78, 37, 82, 83, 163, 164, 143].

However, insensitivity of boundary measurements to any change of inner-
body conductivity values has hampered EIT from providing accurate static
conductivity images [4]. In practice captured current-to-voltage pairs must be
limited by the number of electrodes attached on the surface of the body that
confine the resolution of the image [153, 101]. We can definitely increase the
resolution of the conductivity image by increasing the number of electrodes.
However, it should be noticed that beyond a certain level, increasing the
number of electrodes may not help in producing a better image for the inner-
region of the body if we take into account the inevitable noise in measurements
and the inherent insensitivity mentioned before.

In its most general form EIT is severely ill-posed and nonlinear. These
major and fundamental difficulties can be understood by means of a mean
value type theorem in elliptic partial differential equations. The value of the
voltage potential at each point inside the region can be expressed as a weighted
average of its neighborhood potential where the weight is determined by the
conductivity distribution. In this weighted averaging way, the conductivity
distribution is conveyed to the boundary potential. Therefore, the boundary
data is entangled in the global structure of the conductivity distribution in
a highly nonlinear way. This is the main obstacle to finding non-iterative
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reconstruction algorithms with limited data. If, however, in advance we have
additional structural information about the medium, then we may be able to
determine specific features about the conductivity distribution with a good
resolution. One such type of knowledge could be that the body consists of a
smooth background containing a number of unknown small inclusions with a
significantly different conductivity. This situation arises for example in breast
and prostate cancer imaging [37, 82, 83, 163, 164, 26, 243] or mine detection. In
this case EIT seeks to recover the unknown inclusions. Due to the smallness
of the inclusions the associated voltage potentials measured on the surface
of the body are very close to the potentials corresponding to the medium
without inclusions. So unless one knows exactly what patterns to look for,
noise will largely dominate the information contained in the measured data.
Furthermore, in applications it is often not necessary to reconstruct the precise
values of the conductivity or the geometry of the inclusions. The information
of real interest is their positions and size.

Taking advantage of the smallness of the inclusions, many promising recon-
struction techniques have been designed since the pioneering works by Fried-
man and Vogelius [120, 121, 123]. It turns out that the method of asymptotic
expansions of small volume inclusions provides a useful framework to recon-
struct the location and geometric features of the inclusions in a stable way,
even for moderately noisy data [73, 53, 28, 64, 191, 39, 261].

In this book we have made an attempt to describe these new and promis-
ing techniques for the reconstruction of small inclusions from boundary mea-
surements in a readable and informative form. As we said, these techniques
rely on accurate asymptotic expansions of the boundary perturbations due
to the presence of the inclusions. The general approach we will take in this
book is as follows. Based on layer potential techniques and decomposition
formulae like the one due to Kang and Seo in [168] for the conductivity
problem, we first derive complete asymptotic expansions. This allows us to
handle inclusions with rough boundaries and those with extreme conductiv-
ities. In the course of deriving our asymptotic expansions, we introduce new
concepts of generalized polarization tensors (GPT’s). These concepts gen-
eralize those of classical Pélya—Szegd polarization tensors which have been
extensively studied in the literature by many authors for various purposes
[72, 24, 73, 212, 104, 105, 200, 198, 123, 180, 94, 186, 231, 232, 241, 95]. The
GPT’s appear naturally in higher-order asymptotics of the steady-state volt-
age potentials under the perturbation of conductor by conductivity inclusions
of small diameter. GPT’s contain significant information on the inclusion that
will be investigated. We then apply the asymptotic expansions for designing
efficient direct reconstruction algorithms to detect the location, size, and/or
orientation of the unknown inclusions.

The book is intended to be self-contained. However, a certain familiarity
with layer potential techniques is required. The book is divided into three
parts that can be read independently.
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Part I consists of four chapters dealing with the conductivity problem. It
is organized as follows. In Chap. 2, we introduce the main tools for studying
the conductivity problem and collect some notation and preliminary results
regarding layer potentials. In Chap. 3, we introduce the GPT’s associated
with a Lipschitz bounded domain B and a conductivity 0 < k # 1 < +00. We
prove that the knowledge of all the GPT’s uniquely determines the domain
B and the conductivity k. We also provide important symmetric properties
and positivity of the GPT’s and derive isoperimetric inequalities satisfied by
the tensor elements of the GPT’s. These relations can be used to find bounds
on the weighted volume. In Chap. 4, we provide a rigorous derivation of high-
order terms in the asymptotic expansion of the output voltage potentials.
The proofs of our asymptotic expansions are radically different from the ones
in [123, 73, 259]. What makes the proofs particularly original and elegant is
that the rigorous derivation of high-order terms follows almost immediately.
In Chap. 5, we apply our accurate asymptotic formula for the purpose of
identifying the location and certain properties of the shape of the conductivity
inclusions. By improving the algorithm of Kwon, Seo, and Yoon [191] we first
design two real-time algorithms with good resolution and accuracy. We then
describe the variational algorithm introduced in [28] and review the interesting
approach proposed by Briihl, Hanke, and Vogelius [64]. Their method is in
the spirit of the linear sampling method of Colton and Kirsch [89].

In Part IT we develop a method to detect the size and the location of an
inclusion in a homogeneous elastic body in a mathematically rigorous way. In-
clusions of small size are believed to be the starting point of crack development
in elastic bodies. In Chap. 5, we review some basic facts on the layer poten-
tials of the Lamé system. In Chap. 6, we give in a way analogous to GPT’s,
mathematical definitions of elastic moment tensors (EMT’s) and show sym-
metry and positive-definiteness of the first-order EMT. The first-order EMT
was introduced by Maz’ya and Nazarov [202]. In Chap. 7, we find a complete
asymptotic formula of solutions of the linear elastic system in terms of the size
of the inclusion. The method of derivation is parallel to that in Part I apart
from some technical difficulties due to the fact that we are dealing with a sys-
tem, not a single equation, and the equations inside and outside the inclusion
are different. Based on this asymptotic expansion we derive in Chap. 8 for-
mulae to find the location and the order of magnitude of the elastic inclusion.
The formulae are explicit and can be easily implemented numerically.

The problem we consider in Part III is to detect unknown dielectric inclu-
sions by means of a finite number of voltage-to-current pairs measured on the
boundary. We consider solutions to the Helmholtz equation in two and three
dimensions. We begin by proving in Chap. 9 existence and uniqueness of a
solution to the Helmholtz equation. The proof, due to Vogelius and Volkov
[259], uses the theory of collectively compact operators. Based on layer po-
tential techniques and two new decomposition formulae of the solution to the
Helmholtz equation, established in Chap. 10, we provide in Chap. 11 for such
solutions a rigorous systematic derivation of complete asymptotic expansions
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of perturbations resulting from the presence of diametrically small inclusions
with constitutive parameters different from those of the background medium.
The leading-order term in these asymptotic formulae has been derived by
Vogelius and Volkov in [259]. We then develop in Chap. 12 two effective algo-
rithms for reconstructing small dielectric inclusions from boundary measure-
ments at a fixed frequency. The first algorithm, like the variational method
in Chap. 5, reduces the reconstruction problem of the small inclusions to the
calculation of an inverse Fourier transform. The second one is the MUSIC
(standing for MUItiple-Signal-Classification) algorithm. We explain how it
applies to imaging of small dielectric inclusions. Another algorithm based on
projections on three planes was proposed and successfully tested by Volkov
in [261]. Results similar to those presented in this part have been obtained in
the context of the full (time-harmonic) Maxwell equations in [31].

Finally, it is important to note that some of the techniques described
in this book can be applied to problems in many fields other than inverse
boundary value problems. In this connection we would particularly like to
mention the mathematical theory of composite materials [84, 206, 186, 211, 24]
and topological shape optimization [222, 196, 126, 132, 239].



Part 1

Detection of Small Conductivity Inclusions
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Let 2 be a bounded domain in R¢, d > 2, with a connected Lipschitz bound-
ary 0f2. Let v denote the unit outward normal to 0f2. Suppose that 2 con-
tains a finite number m of small inclusions Dy, s = 1,...,m, each of the form
Dy = eBs + z5, where Bs, s = 1,...,m, is a bounded Lipschitz domain in
R¢ containing the origin. We assume that the domains Dy, s =1,...,m, are
separated from each other and from the boundary. More precisely, we assume
that there exists a constant cg > 0 such that

|zs — 2| > 2c0 >0 Vs#s and dist(zs,002) >2c0 >0 Vs,

that €, the common order of magnitude of the diameters of the inclusions, is
sufficiently small and that these inclusions are disjoint. We also assume that
the background is homogeneous with conductivity 1 and the inclusion D, has
conductivity ks, 0 < ks # 1 < 400, for 1 < s < m.

Let u denote the steady-state voltage potential in the presence of the
conductivity inclusions |-, Dj, i.e., the solution in W2(£2) to

V- (X<Q\:U1D_s) +§;ksx(Ds))Vu =0 in,
ou

w7

on

Let U denote the ”"background” potential, that is, the solution to

AU =0 in 2,
ol _,
APy

The function g represents the applied boundary current; it belongs to L?(942)
and has mean value zero. The potentials, © and U, are normalized by
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/ udU:/ Udo=0.
X9 o0

The problem we consider in this part is to determine unknown inclusions
Dy, s = 1,...,m, by means of one or a finite number of current-to-voltage
pairs (g, u|a) measured on Jf2.

This problem is called the inverse conductivity problem with one or finite
boundary measurements (or Electrical Impedance Tomography) in contrast
with the many measurements problem (or Calderén’s problem) where an infi-
nite number of boundary measurements are used. In many applied situations,
it is the potential u that is prescribed and the current g that is measured on
012. This makes some difference (not significant theoretically and computa-
tionally) in the case of finite boundary measurements but makes almost no
difference in the case of many boundary measurements, since actually it is the
set of Cauchy data (g, ulgp) that is given.

For the many measurements problem there is a well-established theory. We
refer to the survey papers of Sylvester and Uhlmann [249], and of Uhlmann
[255, 256], as well as to the book of Isakov [158], since this problem is out of
the scope of our monograph. When d > 2, many boundary measurements pro-
vide much more information about the conductivity of {2 than a finite number
of measurements. Thus, the inverse conductivity problem with finite measure-
ments is more difficult than the one with many boundary measurements and
not much was known about it until recently. Fortunately, there has been over
the last few years a considerable amount of interesting work and new tech-
niques dedicated to both theoretical and numerical aspects of this problem.
It is the purpose of this part to describe some of these fresh and promising
techniques, in particular, those for the reconstruction of diametrically small
inclusions.

Let us very briefly emphasize our general methodology for solving our
inverse conductivity problem (with finite measurements). We first derive an
asymptotic expansion of the boundary voltage difference u— U to any order in
€. Then we apply this very explicit asymptotic behavior to the effective esti-
mation of the location and some geometric features of the set of conductivity
inclusions (J©; Ds. To present these results we shall need a decomposition
formula of u into a harmonic part and a refraction part, the Neumann function
associated with the background conductor {2, and the generalized polarization
tensors (GPT’s) associated with the scaled domains B and their conductivi-
ties k5. The GPT’s are in fact the basic building blocks for our full asymptotic
expansion of 4 — U on 0f2 and contain significant information on the domains
Bs and their conductivities k. Then it is important to precisely characterize
these GPT’s and derive their basic properties.

The problem we consider here occurs in many practical situations. The
inclusions |J!*; Ds might in a medical application represent potential tumors,
in a material science application they might represent impurities, and finally
in a war or post-war situation they could represent anti-personnel mines.
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In medical applications, EIT is supported by the experimental evidence
that different biological tissues have different electrical properties that change
with cell concentration, cellular structure, molecular composition, and so
on [165, 245]. Therefore, these properties manifest structural, functional,
metabolic, and pathological conditions of the tissue providing valuable di-
agnostic information.

We conclude this introduction with a discussion of classical image recon-
struction algorithms in EIT.

The most classical technique consists of a minimization approach. We as-
sume an initial conductivity distribution for the model and iteratively update
it until it minimizes the difference between measured and computed boundary
voltages. This kind of method was first introduced in EIT by Yorkey, Webster,
and Tompkins [266] following numerous variations and improvements. These
include utilization of a priori information, various forms of regularization,
and so on [264, 145, 257, 86]. Even though this approach is widely adopted
for imaging by many researchers, it requires a large amount of computation
time for producing images even with low spatial resolution and poor accuracy.

In the 1980’s, Barber and Brown [45] introduced the back-projection algo-
rithm for EIT that was the first fast and useful algorithm although it provides
images with very low resolution. Since this algorithm is inspired from the com-
puted tomography (CT) algorithm, it can be viewed as a generalized Radon
Transform [240].

The third technique is the dynamical electrical impedance imaging. This
interesting and sophisticated technique, developed by the Rensselaer im-
pedance tomography group [78, 80, 79, 213, 244, 246, 108, 129, 124, 154, 153],
is designed to produce images of a change of conductivity in the human body
for purpose of applications in cardiac and respiratory imaging. The main idea
is to decompose the conductivity into a static term, viewed as the background
conductivity of human body, and a perturbing term, considered as the change
of conductivity due to respiratory or heart function. The mathematical prob-
lem here is to visualize the perturbing term by an EIT system. Although this
algorithm can provide accurate images when an initial guess of the background
conductivity is reasonably good, it seems that new ideas are still needed to
obtain good resolution images and completely satisfy practitioners, specially
in screening for breast cancer.

Our main aim in this part is to propose a new mathematical direction
of future EIT research mainly for biomedical applications. A new electronic
system based on the mathematical modeling described in this book is be-
ing developed for breast cancer imaging at the Impedance Imaging Research
Center by Jin Keun Seo and his group [26, 243, 192].
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Transmission Problem

In this chapter we review some well-known results on the solvability and layer
potentials for the conductivity problem, which we shall use frequently in subse-
quent chapters, and prove a decomposition formula of the steady-state voltage
potential into a harmonic part and a refraction part. Our main aim here is
to collect together the various concepts, basic definitions and key theorems
on layer potentials on Lipschitz domains, with which the reader might not
be familiar. This chapter gives a concise treatment of this subject where the
technicalities are kept to a minimum.

2.1 Some Notations and Preliminaries

We begin with the concept of a Lipschitz domain. A bounded open con-
nected domain D in IR? is called a Lipschitz domain with Lipschitz char-
acter (rg,L,N) if for each point x € 9D there is a coordinate system
(@', xq), 2" € R 2, € IR, so that with respect to this coordinate system
x = (0,0), and there are a double truncated cylinder Z (called a coordinate
cylinder) centered at = with axis parallel to the z4-axis and whose bottom and
top are at a positive distance rq <[ < 2r¢ from 0D, and a Lipschitz function
¢ with [|[V|| Lo (ra-1y < L, so that ZN D = Z N {(2',24) : wa > p(z')} and
ZNoD =ZnNn{(2',x2q) : zg = (2')}. The pair (Z, ) is called a coordinate
pair. By compactness it is possible to cover 0D with a finite number of co-
ordinate cylinders Z1,...,Zy. Bounded Lipschitz domains satisfy both the
interior and exterior cone conditions.

We say that f € WZ(0D) if f € L?(9D) and for every cylinder Z as in the
above definition with associated Lipschitz function ¢, there are L*(0D N Z)
functions g,, 1 < p < d — 1, such that

| g e = [ O f(o pla)) de’
RI-1 R

d—1 aﬂ;‘p

H. Ammari and H. Kang: LNM 1846, pp. 11-39, 2004.
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12 2 Transmission Problem

for 1 <p <d-—1, whenever h € Cg"(IRd_l N Z). Fixing a covering of 9D by
cylinders Z1,..., Zy, f € W£(0D) may be normed by the sum of L? norms
of all the locally defined g, together with the L? norm of f.

We define the Banach spaces W1P(D),1 < p < +o0, for an open set D by

wirm)={se ) [ 1+ [ [9rr<vool.

A norm is introduced by defining

1w o) = ( /D P+ /D IR

Another Banach space W, P (D) arises by taking the closure of C5°(D), the set
of infinitely differentiable functions with compact support in D, in W1P(D).
The spaces W1?(D) and W, *(D) do not coincide for bounded D. The case
p = 2 is special, since the spaces W12(D) and W,*(D) are Hilbert spaces
under the scalar product

(u,v):/uv+/Vu-Vv.
D D

If D is a bounded Lipschitz domain, we will also need the space I/Vli)’f(IRd \ D)
of functions f € L2 (IR%\ D) such that

loc
hf e WH2(IR\ D),V h € C(R?\ D) .

Further, we define W22(D) as the space of functions f € WH2(D) such
that 0%f € L%*(D) and the space W3/22(D) as the interpolation space
[(Wh2(D), W2(D)]y /5. See, for example, the book of Bergh and Lofstrom
[55].

We recall that if D is a bounded Lipschitz domain then the Poincaré
inequality [128]

/ lu(x) — uo|* do < C’/ |Vu(z)|? dz
D D

holds for all w € W'2(D), where

),
Uy = — u(x)dx .
°=1p] /"

It is known that the trace operator u +— u|gp is a bounded linear surjective

operator from W12(D) into W?(dD), where f € W2(dD) if and only if
2 2

f € L*(0D) and

[/ £ = FOF 452) do(y) < +oo
opJop  |v—

y|?
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See [128] . Let W2, (aD) (W2(0D))* and let (,)
pair between these dual spaces. ’

Let T1,...,T4—1 be an orthonormal basis for the tangent plane to 9D
at z and let 9/9T = Zz;i 0/0T, T, denote the tangential derivative on
dD. The space WZ(OD) is then the set of functions f € L?(9D) such that
Af /0T € L*(0D). We also recall that according to [208] and [93] (Theorem
1.10) if D is a bounded Lipschitz domain (with connected boundary) then the
following Poincaré inequality on dD holds

_1 denote the duality

1
2772

, (2.1)

0
I1f = foll2ap) < CHa—f
L2(aD)

for any f € WZ(0D), where fo = ﬁ Jop fdo. Here the constant C' depends
only on the Lipschitz character of D.

The following lemma from [18] is of use to us.
Lemma 2.1 Let f(z) = Z\a|§n aax® be a harmonic polynomial and D be a

bounded Lipschitz domain in RY. There is a constant C depending only on
the Lipschitz character of D and n such that

IV fll2op) < ClIV fllL2(p) - (2.2)
Let us now turn to the concept of variational solutions. Let ((11,,1)1;'}7(]:1

be a real symmetric d x d matrix with a,,(z) € L®(R%). We assume that
(apq)? 1 is strongly elliptic, i.e.,

216 < 3 a0y < CIEP
P,
for all £ = (&), € IR\ {0}, where C' is a positive constant. Let 2 be a
bounded Lipschitz domain in R, Given g € W2, (912), with (1,9)1 _1 =0,
L :

we say that u € W12(2) is the (variational) solution to the Neumann problem

Z &Epapqaa? u=0 1in {2,

@
V|50

(2.3)
=9,

where 7, = - apqvy, if given any n € WH2(£2) we have

/Z 04 00 g = (943 -
0 p &L‘p &L‘q ’ PA)

p,q=1

The Lax-Milgram lemma shows that there exists a unique (modulo constants)
u € WH2(02) which solves (2.3).
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2.2 Layer Potentials for the Laplacian

Let us first review some well-known properties of the layer potentials for the
Laplacian and prove some useful identities. The theory of layer potentials has
been developed in relation to boundary value problems in a Lipschitz domain.
To give a fundamental solution to the Laplacian with a general d, we
denote the area of the (d — 1)-dimensional unit sphere by wq. Even though the
following result is elementary we give its proof for the reader’s convenience.

Lemma 2.2 A fundamental solution to the Laplacian is given by

1
o In |z, d=2,
™
) = . » . (2.4)
CEr LA =9

Proof. The Laplacian is radially symmetric, so it is natural to seek I" in the
form I'(x) = w(r) where r = |z|. Since

2 _
_dfw  (d—1)dw 1 d(rd

d"w dw 4 a-1dw
T dr rdr  ri-ldr

A’LU dr)’

A = 0 in IR?\ {0} shows that w must satisfy

1 d, ;,dw
fr‘d_la(r W):O f0r7‘>0,
SO
Qaq 1

w(r) = (Q_d)m+bd when d > 3,

azlogr+bs whend=2,
for some constants ag and by. The choice of by is arbitrary, but a4 is fixed by

the requirement that A" = §y in IRY, where dy is the Dirac function at 0, or
in other words

/IR TAG=0(0) for 6 € C(RY). (2.5)

Any test function ¢ € C§° (]Rd) has compact support, so we can apply Green’s
formula over the unbounded domain {z : |x| > €} to arrive at

or 0o
I'(z)A¢p(x)dx = z)—(x)do(z) — I'z)=—(x)do(x) ,
| rwasmar= [ omgEae - [ e
(2.6)
where v = x/|z| on {|z| = €}. Since
_dw aqx

=——=— ford>2
drfa] e S

VI (z)

we have
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I
g—(x) =age!™? for |z| = €.
v

Thus by the mean-value theorem for integrals,
or a
[ oG = gt [ o) dote) = s

for some x. satisfying |z.| = €, whereas

%I () — O(e) ifd>3,

Thus, if ag = 1/wg, then (2.5) follows from (2.6) after sending e — 0. O
Now we prove Green’s identity.

Lemma 2.3 Suppose D is a bounded Lipschitz domain in R, d > 2, and let
u € WH2(D) be a harmonic function. Then for any x € D there holds

)= [ (u<y>§7fy<x _y)— %(y)””” - y>) doly).  (@7)

Proof. For x € D let B.(x) be the ball of center x and radius e. We apply
Green’s formula to « and I'(z — -) in the domain D \ B, for small € and get

ou or
I'Au—uAl ) d :/ (F——u—)da
/D\Bé(r) ( ) Y oD v v ()

ou or
_/313;(9;) <F$ - ua—y> do(y) .

Note A’ =0 in D \ Bc(z). Then we have

For d > 3, we get by definition of I'

ou 1 ou
2% 4oy :762—d/ M do(y) = 0
/636(9;) ov ) (2 = d)wad 9B.(z) OV )
and

or 1
u—day:—/ udo(y) = u(x) ,
Lo e = G [ wdot) = ute)

by the mean value property. We get the same conclusion for d = 2 in the same
way. O

Given a bounded Lipschitz domain D in R, d > 2, we will denote the
single and double layer potentials of a function ¢ € L?(0D) as Sp¢ and Dpa,
respectively, where
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Spé() = /a Ia=y)ol)daly) . @€ R, (2.8)

Dpo(r) = /@ 9 Pa—y)é(y)doy). zeRINOD.  (29)

p Ovy

For a function u defined on IR? \ &D, we denote

ul (x):= lim uw(zttv,), x€dD,
+ t—0+
and 5
aVmu (x) := 751_1)151+<Vu(a: ttvg),vy), x€9D,

if the limits exist. Here v, is the outward unit normal to dD at x, and (,)
denotes the scalar product in IRY. For ease of notation we will sometimes use
the dot for the scalar product in RY.

We now state without proofs the jump relations obeyed by the double
layer potential and by the normal derivative of the single layer potential. The
boundedness of these operators is not clear in the Lipschitz domains, because
of the critical singularities of the kernel and the fact that we are dealing
with non-convolution type operators. The following theorem can be proved
using the deep results of Coifman-McIntosh-Meyer [87] on the boundedness
of the Cauchy integral on Lipschitz curves, which together with the method
of rotations of Calderén [68] allows one to produce patterns of arguments like
those found in [97] for C'-domains. Complete proofs can be found in [258] (for
smooth domains, see [115, 119, 217]). The reader is referred to Appendix A.1
for a statement of the theorem of Coifman-McIntosh-Meyer.

Theorem 2.4 Let D be a bounded Lipschitz domain in R®. For ¢ € L?*(dD)

SD¢|+(.’L') =Spo|_(z) ae xe€dD, (2.10)
8(?‘/’8D¢ (x) = 8(?‘/’8D¢ () ae xz€dD, (2.11)
681/8D¢ (z) = (i%[—l— /C}B)qb(a:) a.e. z € 0D, (2.12)

(Dpo)|, = (:F%IJr ICD>¢(I) a.e. x € 0D , (2.13)

where Kp is defined by

Kpd(z) = —p.u. /8 ) W) o) doty) (2.14)

wd |$—y|d

and K%, is the L*-adjoint of Kp, i.e.,
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1 T —Y,V
Kpo(w) = . [ L2840 a0(y) (215)
wd oD
Here p.v. denotes the Cauchy principal value. The operators Kp and K7, are
singular integral operators and bounded on L*(0D).
Observe that if D is a two dimensional disk with radius r, then, as was ob-

served in [168],

T — Y, Uy 1
<I_7yg>=§ Vz,yedD,x#y,

and therefore, for any ¢ € L?(9D),

1

Kpo(z) = Kpo(z) = — - o(y) do(y) , (2.16)

for all x € 9D. For d > 3, if D denotes a sphere with radius r, then, since

<x_y>Va:> 1 1
= — Vz,y€oD, ,
Ty g _gez " ovEoDrFy

we have, as shown by Lemma 2.3 of [170], that for any ¢ € L?(0D),

2-d

bo(e) = Kpd(r) = =

Spo(z) (2.17)

for all x € 9D.
Let now D be a bounded Lipschitz domain, and let

Li(OD) := {qs € L*(0D) : pdo = o} :

oD
Let A # 0 be a real number. Of particular interest for solving the transmission
problem for the Laplacian would be the invertibility of the operator Al — K7},
on L?(0D) or L%(dD).

First, it was proved by Kellog in [175] that the eigenvalues of K}, on
L?(dD) lie in (—1,1] for smooth domains; but this argument goes through
for Lipschitz domains [110]. The following injectivity result holds.

Lemma 2.5 Let A be a real number. The operator \I — K7, is one to one on

L3(0D) if |\ = 3, and for X € (=00, —3] U (3,00), A — K}, is one to one
on L?(0D).

Proof. The argument is by contradiction. Let A € (—oo, —3] U (3, 00), and
suppose that ¢ € L?(dD) satisfies (\[—K})¢ = 0 and ¢ is not identically zero.
Since by Green’s formula Kp(1) = 1/2, it follows by duality that ¢ has mean
value zero on dD. Hence Sp¢(z) = O(1/|z|?~ ) and VSpo(z) = O(1/|z|?)
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at infinity for d > 2. Since ¢ is not identically zero, the following numbers
cannot be zero

A:i/|VSD¢FdxamiB:i/ |VSpé|* d .
D RAN\D
On the other hand, using the divergence theorem and (2.12), we have

A:/ (=114 K5)6 Spé do andB:—/ i) spe do .
oD 2 9D 2

Since (M — K3,))¢ = 0, it follows that

_1B-A

2B+ A
Thus, |A| < 1/2, which is a contradiction and so, for A € (—oo0, —3] U (3, 00),
A — K%, is one to one on L?(D).

If A =1/2, then A = 0 and hence Sp¢p = constant in D. Thus Sp¢ is
harmonic in IR*\ @D, behaves like O(|z|'~%) as |z| — +oo (since ¢ € L2(AD)),
and is constant on dD. It then follows that Sp¢ = 0 in IR?, and hence ¢ = 0.
This proves that (1/2) I — K%, is one to one on L§(0D). O

Let us now turn to the surjectivity of the operator A\I — K}, on L?(9D)
or L3(0D). If D is a bounded C!'T*-domain for some o > 0 then we have the

bound
1

<l‘—y7ljz>
T oyttt

- forz,y e 0D,z # vy,
|z —yl

which shows that the operators Kp and K%, are compact operators in L*(9D)
[119]. From the above bound we can also deduce that there exists a constant
C such that the estimate

KD ®| 1 ap) < Cl|Bl| L~ (o) (2.18)

holds for all ¢ € L>(8D). Moreover, for any A € (—oo0, —3] U (3,00) there
exists a constant C such that

16| e oDy < CA[(M — Kp)@l|L<(op), VY ¢ € L>(OD) . (2.19)

If D is a bounded C!-domain, the operators Kp and K}, are still compact
operators in L?(9D) [115] but more elaborate arguments are needed for a
proof.

Hence, by Fredholm theory, it follows from Lemma 2.5 that Al — K7}, is
invertible on L3(0D) if [A| > 1, and for A € (—o0, —3] U (5,00), Al — K7}, is
invertible on L2(0D).

Unlike the C'-case, the operators Kp and K7}, are not compact on a Lips-
chitz domain and thus, Fredholm theory is not applicable. This difficulty for
the invertibility of AI — K}, was overcome by Verchota [258] who made the
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key observation that the following Rellich identities, see [237, 231, 223, 162],
are appropriate substitutes of compactness in the case of Lipschitz domains.
We need to fix a notation first. For a vector field a and a function u let

(@ 2 a1y 2
T T AT,

Here T1,...,T4—1 is an orthonormal basis for the tangent plane to 0D at =x.

Lemma 2.6 (Rellich’s identities) Let D be a bounded Lipschitz domain in
IRd, d > 2. Let u be a function such that either

(i) u is Lipschitz in D and Au =0 in D, or .
(ii) w is Lipschitz in R\ D, Au=0 in R\ D, and |u(z)] = O(1/|z|¢2)
when d > 3 and |u(z)| = O(1/|z|) when d =2 as |z| — +o0.

Let o be a Ct-vector field in R with compact support. Then

ou|? ou|? Ou, Ou
fote ] = Lotenlar| -2 o'
/ 2(VaVu, Vu) — (V- )| Vul? if u satisfies (i),  (2.20)
D

_|_
/ 2(VaVu, Vu) — (V- a)|Vu|? if u satisfies (ii) .
RUND

Proof. Suppose that u satisfies (¢). Observe that

V- (e Vul?) = (V- ) [Vul® + (e, V[Vul?) |

(V- a)|Vul]® + 2(V?ua, Vu) ,

and
V- (Vul{a, Vu)) = (o, Vu) Au 4+ (V{a, Vu), Vu)

= (VaVu, Vu) + (Vua, Vu) .
Here V2u is the Hessian of u. Combining these identities, we obtain
V- (a|Vul?) = 2V - (Vula, Vu)) + (V - )| Vu|? — 2(VaVu, Vu) .
Stokes’ formula shows that

/ (o, V)| Vul? =2
oD

a—u<a,Vu> —|—/ (V- a)|Vu]? — 2(VaVu, Vu) .

ap OV D

Since

d—1
a={a,V)v+ Z(a,Tp>Tp ,
p=1
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we get
ou ou
(o, Vu) = (o, 1/}5 + (a, 8_T> .
We also get
oul®  |oul’
2 —_
Vel =) *lar|

Thus after rearranging, we find

ou? 2 ou? Ou , Ou
/6D<a7y><$ >_2/{9D<a’y % +2/¢9D<a’ﬁ>$

+/(V-a)|Vu|2—2<VaVu,Vu>.
D

2
Ou, Ou
—/@D<a,u> -2 g

+/ 2(VaVu, Vu) — (V- a)|Vul?,
D

du
oT

-~

Hence

ou
v

du
oT

[

and the identity (2.20) holds.

In order to establish the Rellich identity (2.20) when wu satisfies (i%), we
merely replace D by IR? \ D in the above proof and use the decay estimate at
infinity |u(z)| = O(1/|x|?"2) when d > 3 and |u(x )| = O(1/]z|) when d = 2
as |x| — +oo to apply the Stokes’ formula in all R4\ D. O

As an easy consequence of the Rellich identities (2.20) the following im-
portant result holds.

Corollary 2.7 Let u be as in Lemma 2.6. Then there exists a positive con-
stant C depending only on the Lipschitz character of D such that

1 || ou

oT

ou

En (2.21)

L2(D) ’ L2(8D) H or

L2(6D)

Proof. Let ¢y be a fixed positive number. Let o be a vector field supported
in the set dist(x,0D) < 2¢y such that a - v > ¢ for some 6 > 0, V = € 9D
(here, § depends only on the Lipschitz character of D). Applying (2.20) we

obtain
oul? / ou |? H ou
o,V = a, v —|—O +||Vul| 2 .
Lo gl =L@ 57| OUGT] o |50y 7022
Since
ou ou
Vel = [ uGedo <= uollzon | 5 ,
L2(D) op OU L2(8D) || 5, L(8D)
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(because [, du/dv = 0) where ug = ﬁ Jop wdo, the Poincaré inequality

(2.1) yields
ou

aT

ou

% )

IVullfepy < C
£2(0D)

L2(8D)

where the constant C' depends only on the Lipschitz character of D. Thus

| wn|5 = [ e o ).

Employing a small constant-large constant argument, we conclude that esti-
mates (2.21) hold. O

The following results are due to Verchota [258] and Escauriaza, Fabes, and
Verchota [110]. For proofs when 9D is smooth, see [115, 119].

2

ou

ov

du
oT

@
ov

2
+0(’

L2(8D) L2(8D)

Theorem 2.8 The operator A\ — K}, is invertible on L3(9D) if |A| > 3. and
for XA € (=00, —3] U (%,00), A — K}, is invertible on L*(9D).

Proof.  Let us first prove that the operators &(1/2) I + K} : L3(0D) —
L3(0D) are invertible. Observe that 4-(1/2) I+ K%, maps L(0D) into L(0D).
In fact, since Kp(1) = 1/2, we have

Kpfdo = L fdo
aD 2 Jop
for all f € L?(0D).
Let u(z) = Spf(x), where f € L3(0D). Then u satisfies conditions (i)
and (i7) in Lemma 2.6. Because of the second formula (2.11) in Theorem 2.4,
Ou/OT is continuous across the boundary 9D, and by the jump formula (2.12)

Jdu
ov

1
= (51 +KD)f -
+

We now apply Corollary 2.7 in D and R? \ D to obtain that

S 1
ol H(§I+KD)fHL2(8D) < |\(§I— KDb)fllr2op)

1 X 1 X
\|(§I—’Cp)f\|L2(aD) <C |\(§I+’Cp)f|\L2(aD) :

ou

Ou Ou
ov

ov

~

+

L2(8D) L2(8D)

or equivalently

(2.22)

Here the constant C' depends only on the Lipschitz character of D. Since
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1 1,
/= (§I+ICD)f+ (§I—ICD)f7
(2.22) shows that
1 *
H(gl +Kb)fll2opy = ClIfllL2op) - (2.23)

In order to keep the technicalities to a minimum, we deal with the case
when 9D is given by a Lipschitz graph by localizing the situation. Assume

oD = {(:v’,:vd) P Tq = @(iﬂ/)}y

where ¢ : R — IR is a Lipschitz function. To show that A = (1/2) I + K3,
is invertible we consider the Lipschitz graph corresponding to ty,

aDt_{(x/7xd):xd_t(p(I/)} fOI'0<t<1,

and the corresponding operators Kp, , A;. Then Ay = (1/2)1,4; = A,
and A; are continuous in norm as a function of ¢. Moreover, by (2.23),
I[A¢ fll2opy) = ClIfllL20D,), With C independent of ¢ in (0,1) due to the
fact that the constant in (2.23) depends only on the Lipschitz character of D.
The invertibility of A now follows from the continuity method. See Appendix
A.2. This establishes the invertibility of (1/2)I + K}, on L3(9D). Invertibility
of —(1/2)I+ K%, on L(0D) can be proved in the same way starting from the
inequality

1 *
1(=57 +Kp)fllz200) = Cllfllz2op) -

We now show that (1/2)I + K}, is invertible on L?(0D). To do that, it
suffices to show that it is onto on L?(dD). Since Kp(1) = 1/2, we get

AD(%chg)fda _ /6Dfda

for all f € L?(0D). Let h:= ((1/2) I + K% )(1). For a given g € L*(0D), let

g=g—ch+ch:=go+ch, c gdo .

10D Jop

Since

1
/ hdo = / L1 kn)hdo = oD,
oD oD 2
one can easily see that go € L3(0D). Let fo € L3(0D) be such that

((1/2) I+ Kp)fo = g0 -
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Then f := fo + c satisfies ((1/2) I + K},)f = g. Thus (1/2) I + K%, is onto on
L?(0D).

Suppose now that [A| > 1/2. Let f € L?(0D) and set u(z) = Sp f(z). Let
co be a fixed positive number. Let o be a vector field supported in the set
dist(z,9D) < 2¢p such that e - v > § for some § > 0, V z € dD. From the

Rellich identity (2.20), we have
2
o[ 222
Ys) oT" dv

+ / 2(VaVu, Vu) — (V- a)|Vul?.
Observe that on 0D

ou

ov

du
oT

(2.24)

D

S| = (3T KD = (= ) ~ T = Kp)S
and ou ou
(Vu,a) = $<a,y> + (e, 8_T>
= @ n)f +Kaf
where

We also have

/\Vu\zdac:/ ua—u
D op Ov|_

By using

ou Ou
—2/ o, —)— :2/ a,v
aD< 8T>8V 0D< >

we get from (2.24) that

TR TR

1
- / (VaVu, Vu) + E(V ca)|Vul? .
D

ou

v 2_2/6 au[_%m’”f“ca(f)} :

b v

oul?

ov

ou

5?2+A @{—émwv+K4ﬂ]

Dal/
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Thus we obtain

-3 oo
< [ |- glansekan] [0 31 - 0= Kp)0)| o

+CIf 200 (115D la2(m) + I = K)(£)llz20m) )
+C|Sp fllL20p) | [(M — KD) ()| L2(0p) + Cl[(AM — ]C*D)(f)HQLQ(aD) )

where C' denotes a constant depending on the Lipschitz character of D and
A. Multiplying out the integrand in the second integral above and taking to
the left-hand side of the inequality the term involving f2, we obtain

%(v_i)l;gnwﬂdag(A—%)ADKaUVdU

+CI\fllzzomy (10 llzomy + I = Kp)(Dllz2(o) )
+CNSD A2 0m) M = Kp) ()l 2oy + CIAL = Kp) (Dl 20 -

If K}, denotes the adjoint operator on L?(0D) of the operator K, it is easy
to see that Ko + K}, = R, where the operator Ry is defined by

Ra(f) = Lp. /a ) @ =y al@) — o)) ) o)

Wa [z =yl

By duality, we have

Ka(f)f do = 5/@ Ral(f)f do .

oD 2

Since |A] > 1/2 and o - v > § > 0, using the large constant-small constant
argument, we can get from the above inequality that

1fllL20p) < C(H(/\I = Kp)(Nllr2op) + ISp fllL20D)

(2.25)

+ HRa(f)HL?(aD)) :
Since Sp and R4 are compact on L?(0D), we conclude from the above esti-
mate that A\J — K}, has a closed range.

We now prove that A — K%, is surjective on L?(9D) and hence invertible
on L?(0D) by Lemma 2.5.

Suppose on the contrary that for some A real, |A| > 1/2, AI — K7, is not
invertible on L?(8D). Then the intersection of the spectrum of K}, and the
set {A € R : [\ > 1/2} is not empty and so there exists a real number \g
that belongs to this intersection and is a boundary point of this set. To reach
a contradiction it suffices to show that Aol — K7, is invertible. By (2.25) we
know that Aol — K7, is injective and has a closed range. Hence there exists a
constant C such that for all f € L?(0D) the following estimate holds
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1 fll2op) < Cll(MI = Kp)()llL20D) - (2.26)

Since Ag is a boundary point of the intersection of spectrum of K}, and the
real line there exists a sequence of real numbers X\, with [A,| > 1/2, A\, — Ao,
as p — 4oo, and A\,I — K3}, is invertible on L?(9D). Therefore, given g €
L2(0D) there exists a unique f, € L*(0D) such that (\,] — K3)(fp) = g. If
|| follz2(oDy has a bounded subsequence then there exists another subsequence
that converges weakly to some fo in L?(9D) and we have

/ (ApI —Kp)(fo)hdo = lim fp(XoI — Kp)(h)do
aD P—+0 Jop

= lim (Aol — KD)(fp)hdo :/ ghdo .
p=+o0 Jop aD

Hence (Mol — K%)(fo) = g. In the opposite case we may assume that

[ fpllL2opy = 1 and (Ao — K},)(fp) converges to zero in L?*(9D). However

from (2.26)

L= lfplle20p) < Cll(Aol = Kp)(fp)llz20p)
< Co = M| + Cl{Ap = KD)(fo)llL2(0) -

Since the final two terms converge to zero as p — +00, we arrive at a contra-
diction. We conclude that for each A real, |A| > 1/2, A\ — K3, is invertible.
O

Analogously to (2.19) we can deduce from Theorem 2.8 that for any A\ €
(00, —4] U (4, 00) there exists a constant Cy such that

19ll20p) < CAll(AI = Kp)@l|r2(op), ¥V ¢ € L*(9D) . (2.27)

Moreover,

1
l|]lz2 o) < C|\(—§I +Kp)ollr2om), V¢ € L§(OD), (2.28)

for some positive constant C'.

Suppose D C B;(0) is a star-shaped domain with respect to the origin in
two-dimensional space, where By(0) is the disk of radius 1 and center 0. We
can quantify the constant C'. For so doing, define

d(D) = infD<x,l/m> .

Note that since D is a star-shaped domain with respect to the origin, §(D) > 0.
For ¢ € L2(0D), set u := Sp¢. It follows from the Rellich identity (2.20) with

a(z) = x that
2
do = / (x,v) 0
oD

ou u
/6D<x,u> — £

a7 do ,

+

2
ou, Ou
da+2/ z, 24\ 0u
3D< 3T>81/

+
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which leads to the following estimate:

H ‘3u 42 ou ou
6T L2(8D) N 61/ + LQ(@D) 61/ + L2(0D) 6T Lr"(BD)7
5| 2% H 4ol 2u Ou .
VIl t20m) L2(8D) vy 12(8D) ar L2(8D)
Therefore )
H ou||? 20 +4 || 0u
oT L2(8D) B (52 ov 4+ £2(aD) ’
ou < 20 + 4 H ou||?
oy L2(8D) S OT (| 12(ap)
Thus, by the jump formula (2.12), we get
1 0
[CEIRSHZ I
L2(8D) Vit £2(aD)
< 26642-4 ?
Y1t r2 0y
20 + 4

= I I+’CD)¢HL2 aD) »

to conclude that

1 . 1 X
9l 2oy < ||(i§]+’CD)¢HL2(aD) + ||(3F§I+’CD)¢||L2(3D)
§+2)2 1 .
< O et 1 K )olsmon)

We have proved the following result from [29].

Lemma 2.9 Let D C B1(0) be a star-shaped domain with respect to the
origin, where B1(0) is the disk of radius 1 and center 0. Define 6(D) :=
inf,cop(w,v.). Then, for any ¢ € L(OD),

2
16020y < % |57+ 5

L2(8D)

Estimate (2.28) will be useful in Chap. 4. A more refined one will be needed
in Chap. 3.
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Lemma 2.10 There exists a constant C depending only on the Lipschitz
character of D such that

follzany < | (5

for all ¢ € L3(OD).

k+1

1 - icD>¢

(2.29)
L2(9D)

Proof. By (2.28), there is a constant C' depending only on the Lipschitz
character of D such that

||¢|Lz<am<c|( I- IC*>¢|L2(0D)

for all ¢ € L2(0D). Hence we get

k+1

16lz26m) <0H( - /cD)qs

C
+ —— I8l 2op) -
Leopy | Ik — 1] IEHOD)

It then follows that for k > C + 1

C k+1
I9l200) < (s b )|
@p) =71- I\ 2(k—1) L2(8D)
and hence, if k is larger than 2C' + 1, then
kE+1 .
9l z2op) < 2C H <71[— ’CD> :
) L2(8D)

When k is smaller than 1/(C + 1), we can proceed in the same way starting
from the estimate

1
ol 2op) < C H (—51 - KE) o}

L20D)
Now suppose that |k — 1| is small, or, equivalently, A is large. Then
1 1 . 1.,
1l z2@p) < S 1ASll 20Dy < SN = KD)élr2(om) + 1 IKD Al L20D) -

Since |[K5 9l 2200y < ClléllL2(ap) for some C then, if X > 2C, we get

2 *
6l z2ap) < XH()\I —Kp)éllr2op) -

Since the norm on the right-hand side of (2.29) depends continuously on
k, by a compactness argument, the proof is complete. O
We will also need the following theorem due to Verchota [258].
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Theorem 2.11 Let D be a bounded Lipschitz domain in RY. Then the
single layer potential Sp maps L?(OD) into WE(0D) boundedly and Kp :
WZ(0D) — WE(0D) is a bounded operator.

Proof. That Sp maps L?(dD) into W£(0D) boundedly is clear. In fact, by
Corollary 2.7, (2.12), and Theorem 2.8, we get

oT

Ha(SDf)
ov

L2(8D) L2(oD)

1 *
~ ||(—§I+7CD)fHL2(aD) < Clfllz2op)y -

Thus we have
ISp fllwz@p) < Cllf 220D -

Given h € WZ(0D), let v be the solution to the problem Av =0 in D and
v =h on D. Then v € WH2(D). By the Green representation, we get

15 —
5o (Gl ) (0 = Dol )@, «eRN\D.
It then follows from (2.13) that
1 ov

Therefore we get

AN

ov
5o (51|
o+ W2 @D)

) < Cllhllwzop)

1
IKphlzom < 3llweion, + |

1 ov
< §HhHW12(6D) +C H@L Lon

where the last inequality follows from Corollary 2.7. Thus we obtain that
Kp : WZ(OD) — WE(0D) is bounded. 0O

We conclude this section by investigating the invertibility of the single
layer potential. We shall see that complications arise when d = 2.

Lemma 2.12 Let D be a bounded Lipschitz domain in R®. Let ¢ € L*(8D)
satisfy Spep =0 on OD.

(i) If d > 3, then ¢ = 0.
(i) If d=2 and [, ¢ =0, then ¢ = 0.

Proof. The single layer potential u = Sp¢ satisfies Au = 0 in R? \D,u=0
on 9D and as |z| — +oco, we have u(x) = O(|z|?>~%) when d > 3, but
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u(z) = %(/@D $) log|z| + O(Jz|™') whend=2.

Thus, provided we assume that [, ¢ = 0 when d = 2, we have u(x) = 0(|z| ")
as |x| — +o0. Therefore, for large R,

9 ou O(R*~%)ifd >3,
/ \Vu\ :/ —u = oy .
Br(0)\D 2Br(0) OV OR?)ifd=2.

Sendingii — 400, we deduce that Vu =0 in R \ D, and thus u is constant
in R?\ D. Since u = 0 on D, it follows that v = 0 in R\ D. But Sp¢ = 0
in D, and hence ¢ = 0Spp/ov|y — ISp¢/dv|- =0o0n 0D. O

Theorem 2.13 Let D be a bounded Lipschitz domain in RY.

(i) If d > 3, then Sp : L*(OD) — WZ(0D) has a bounded inverse.
(ii) If d = 2, then the operator A : L*(OD) x R — W2(0D) x R defined by

A(,a) = <5D¢+ a, /a ) ¢)

has a bounded inverse.
(iii) Suppose d = 2 and let (¢e,a) € L*(0D) x IR denote the solution of the
system

{sm +a=0,
fBD Qbe =1,
then Sp : L2(OD) — WZ(0D) has a bounded inverse if and only if a # 0.

Proof.  Since W2(0D) — L*(dD) is compact, it follows from Theorem 2.11
that the operator Sp : L?(0D) — W2(9D) is Fredholm with zero index. But,
by Lemma 2.12, we have KerSp = {0} when d > 3, and therefore Sp has a
bounded inverse.

We now establish that A has a bounded inverse. Since Sp : L?(0D) —
WZ(0D) is Fredholm with zero index we need only to prove injectivity. In
fact, if Sp¢+a =0 and [;, ¢ = 0, then [,  Spd¢ = 0. But [,,Spp¢ =
Jra IV@[?, and consequently, Sp¢ = 0 since Sp¢ — 0 as |2| — 400. Accord-
ing to Lemma 2.12 this implies ¢ = 0 and in turn a = 0.

Turning to part (iii), we note that if a = 0, then Sp cannot be invertible
because Sp¢e = 0. Thus, suppose that a # 0 and there exists ¢ € L?*(9D)
such that Sp¢ = 0. Define ¢o = ¢ — ([, #)¢e, and observe that

Soor=—(| ®Spée=a [ sand [ s=0.
aD aD aD

Hence [, Spgodo = 0 and therefore ¢o = 0. In turn, [,,, ¢ = 0 because

a # 0, giving ¢ = 0 by Lemma 2.12. Thus, the homogeneous equation Sp¢ = 0

has only the trivial solution, and Sp is invertible. 0O
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2.3 Neumann and Dirichlet Functions

Let 2 be a bounded Lipschitz domain in R%,d > 2. Let N(z,z) be the
Neumann function for A in {2 corresponding to a Dirac mass at z. That is,
N is the solution to

AyN(x,z) = =0, in {2,

ON ! (2.30)
e =~ | N(,2)do(z) =0 f 0.
3%‘39 002 /oo (2,2) do(x) or z €

Note that the Neumann function N(z, 2) is defined as a function of z € 2
for each fixed z € £2. The operator defined by N (z, z) is the solution operator
for the Neumann problem

AU =0 in 2,
vl _ (2.31)
o {p0 ’

namely, the function U defined by

U@)i= [ N(x,2)g(:)do(2)
20
is the solution to (2.31) satisfying [, U do = 0.
Now we discuss some properties of NV as a function of x and z.

Lemma 2.14 The Neumann function N is symmetric in its arguments, that
is, N(z,z) = N(z,z) for x # z € 2. It furthermore has the form

1
—2—10g|x—z\+R2(x,z) ifd=2,
N(z,z) = " 1 (2.32)
R ifd> 3
e et Ra(es) 23,

where Ry(-, z) belongs to W2(£2) for any z € 2,d > 2 and solves

AyRy(z,2) =0 in 02,

ORq 1 1 {x—z,vp)
e = — i .
v, o0 |0£2] * wqg |z —2|? Jorzed

Proof. Pick 21,29 € 2 with z1 # 2. Let B.(2,) = {|lz — 2p| < r}, p =1,2.
Choose r > 0 so small that B,.(z1) N B,(22) = 0. Set Ny(xz) = N(z,21) and
Na(x) = N(z, z2). We apply Green’s formula in 2’ = 2\ B,(z1) U By(22) to
get

/ <N1AN2—N2AN1) dl‘:/ (N1%—N2%> do
0 a0n ov ov

_/ (Nl—aN2 —Ng—aNl)dU—/ (Nl—aNZ —Ng—aNl)dU.
OB (21) v ov 8B, (22) ov ov
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Since N, is harmonic for © # z,,p = 1,2, N1 /0v = ON2/0v = —1/]942|, and
Joo(N1 — N2)do = 0, we have

/ (Nl%_]\f2%)dg+/ (Nl%_]\f2%>do-:0
aBr(zl) 31/ 31/ aBr(zz) 81/ 81/

Thanks to (2.32) which will be proved shortly, the left hand side of the above
has the same limit as the left hand side of the following as r — 0 :

aBr(zl) 8u aV aBr(zz) 8u 8u

Since

N N
/ F&dUHO,/ FQdUHO asrT — 0
33,«(21) v BBT(ZZ) v

and

I I
/ Nga—dUHNQ(Zl)7/ Nla—dor—>N1(22) asr — 0,
OB, (21) v OBn(zs) OV

we obtain Na(z1) — Ni(22) = 0, or equivalently N(z3,21) = N(z1, 22) for any
21 # 29 € (2.
Now let Rg,d > 2, be defined by

1
N(z,z)+ —loglz —z| ifd=2,
27
Rd(I,Z) =
N(z,z)+ ! !
’ (2 —d)wg |z — 2|92

Since Ry(+,2) is harmonic in 2 and OR4(-,2)/0v € L?(02) then it follows

from [162] that Ry(-,z) € W22(2) for any z € 2. O
For D, a subset of 2, let

itd>3.

Npf(x) = - N(z,y)f(y)do(y) .

The following lemma from [17] relates the fundamental solution with the
Neumann function.

Lemma 2.15 For z € 2 and x € 912, let I',(z) := I'(x — z) and N,(x) :=
N(z,z). Then

(—%I + ICQ) (N.)(x) = I;(z) modulo constants, x € 92, (2.33)

or, to be more precise, for any simply connected Lipschitz domain D compactly
contained in 2 and for any g € L3(0D), we have for any x € 92

1
/| (_51 ; icn) (V@) do(:) = [ D@gde). (23
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Proof. Let f € LE(012) and define

u(z) = /arz (—%I#—/Cg) (N)(2)f(x)do(z), z€ .

Then )
u(z) = N(z,z) <—§I + K’f))f(x) do(z) .

on
Therefore, Au = 0 in {2 and

@
ov

1 *
o1

Hence by the uniqueness modulo constants of a solution to the Neumann
problem we have

u(z) — Snf(z) = constant, z¢€ 2.

Thus if g € L3(0D), then we obtain

[ D(—%Hi@) (N.)(2)9(2)  (2) do(2) do ()
- /69 /313 I'.(z)g(2) f(z) do(z) do() .

Since f is arbitrary, we have equation (2.33) or, equivalently, (2.34). This
completes the proof. 0O

In Chap. 4 we will be dealing with the inclusions of the form D = eB + z
where B is a bounded Lipschitz domain in RY. For the purpose of using in
Chap. 4, we now expand N (z, ey + z) asymptotically for x € 912, z € 2, and
y € 0B, and as € — 0. By (2.33) we have the following relation:

(—%I%—IC;;) {N(-7 ey+z)} (£) = I'(x—z—ey) modulo constants, x € 912 .

Using the Taylor expansion

= i _
I'z—ey) = Z ﬂE‘J‘ajr(l")yj .

jl
l7]=0

we obtain
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I+ Ko ) [N+ )] @

N =

(_

C i (e — 2y

Il
¢ ?M%’

| J!
- MZO |J|aﬂ ((—%H— /cg> N(~,Z)(I)> v’
_ l;fo L i ((_%IJFKQ) agN(-,z)(x)) Yy’
— <_%1+1c9) io ,l!e\ﬂagjv(.,z)yf () .

|51=0

Since [, N(z,w)do(x) = 0 for all w € 2, we have the following asymptotic
expansion of the Neumann function.

Lemma 2.16 Forx € 952, z € 2, andy € 0B, and as € — 0,

+oo
1, . _
N(z,ey+2) =Y =/ 0IN(z,2)y . (2.35)
ljl=0""

Now we turn to the properties of the Dirichlet function. Let G(z, z) be the
Green’s function for the Dirichlet problem in (2, that is, the unique solution
to

{AwG(x,z) =6, inf2,

G(z,z) =0 on 02,
and let G,(x) = G(z,z). Then for any x € 012, and z € {2 we can prove that

(ron) (o

Moreover, we would like to mention the following important properties of
G [136]:

(i) the Green’s function G is symmetric in 2 x {2;
(ii) the maximum principle implies that for x, z € 2 with « # 2

0>G(z,2)>-T(x—%2) ford>3,
1
0>G(x,2)>-I'(x—2)+ 2—logdiam(9) ford=2;
7r

(iii) the Green’s function for the ball Bg(0) is given by
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G(z z)** |z — 2|>7¢ — Ex—MZQﬂI ford >3
(2 = d)wy |z R -
1
G(x,z)—%<log|x—z—log %x—%z) ford=2;

(iv) the normal derivative of the Green’s function on the sphere dBr(0) is
given by

oG R? — |22

%(x,z) = for any z € Br(0) and = € dBr(0) .

wqR|x — 2|4

2.4 Representation Formula

Let 2 be a bounded domain in IR? with a connected Lipschitz boundary
and conductivity equal to 1. Consider a bounded domain D CC (2 with
a connected Lipschitz boundary and conductivity 0 < k& # 1 < 4oo. Let
g € L3(092), and let u and U be the (variational) solutions of the Neumann
problems

V. <1+(k—1)X(D)>Vu:O in 2,

ou
— 2.37
By o g, ( )

/6 ula)do(a) =0,

and
AU =0 in 2,
ol
o {p0 — (2.38)

/ U(z)do(z) =0,
o1

where x(D) is the characteristic function of D. Clearly, the Lax-Milgram
lemma shows that, given g € L3(942), there exist unique u and U in W12(£2)
which solve (2.37) and (2.38), respectively.

At this point we have all the necessary ingredients to state and prove a
decomposition formula of the steady-state voltage potential u into a harmonic
part and a refraction part which will be the main tool for both deriving
the asymptotic expansion in Chap. 4 and providing efficient reconstruction
algorithms in Chap. 5. This decomposition formula is unique and seems to
inherit geometric properties of the inclusion D, as it is shown in Chap. 3.

The following theorem was proved in [168, 169, 171].

Theorem 2.17 Suppose that D is a domain compactly contained in (2 with
a connected Lipschitz boundary and conductivity 0 < k # 1 < +o00. Then the
solution u of the Neumann problem (2.37) is represented as
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u(z) = H(z) + Spo(z), z€ 2, (2.39)

where the harmonic function H is given by
H(z) = =Sa(g)(x) + Do(f)(x), xR, [f:=ula, (2.40)

and ¢ € L3(OD) satisfies the integral equation

k+1 OH

— T — K3 = —

(Q(k —-1) D) °= 5

The decomposition (2.39) into a harmonic part and a refraction part is unique.

Moreover, ¥V n € IN, there exists a constant C,, = C(n, (2, dist(D, 012)) inde-
pendent of |D| and the conductivity k such that

on 0D . (2.41)

oD

[Hllen ) < Cnllgllrzon) - (2.42)
Furthermore, the following holds

H(z)+Spo(z) =0, YzeR\2. (2.43)

Proof. Consider the following two phase transmission problem:

V-(1+(k—1)X(D)>Vv_O in IR%\ 02,

”|_—U| =f on 02,

ool 50 (2.44)
Wl "o N =g on 0f?2

v(z) = O(|z|'~%) as |z] — o0 .

Let v; := —Sog + Dof + Sp¢ in R™. Since ¢ € L3(ID) and g € L3(d12),
vi(x) = O(]z|*=%) and hence v, is a solution of (2.44) by the jump formulae
(2.12) and (2.13). If we put vy = u in 2 and vy = 0 in IR?\ 12, then vy is also
a solution of (2.44). Therefore, in order to prove (2.39) and (2.43), it suffices
to show that the problem (2.44) has a unique solution in VVI})C2 (R \ 002).

Suppose that v € W,22(IR® \ 842) is a solution of (2.44) with f = g = 0.
Then v is a weak solution of V- (14 (k—1)x(D))Vv = 0 in the entire domain
IRY. Therefore, for a large R,

1+ k&
[ wep < (1 . 1)X(D)>|W2
Br(0) ko JBro
RN v
k dBRr(0) v
1+ k
< 1FE Vo2 <0,

ko Jr\BR(0)
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where Br(0) = {|z| < R}. This inequality holds for all R and hence v is
constant. Since v(z) — 0 at the infinity, we conclude that v = 0.
To prove the uniqueness of the representation, suppose that H' is harmonic
in 2 and
H+ Spp=H'+Sp¢' in 2.

Then Sp(¢ — ¢') is harmonic in 2 and hence

0

0
5o Sp(©@ =) =5 8p(6-¢)  onoD.

+

It then follows from (2.12) that ¢ — ¢ =0 on 9D and H = H'.
We finally prove estimate (2.42). Suppose that dist(D, d£2) > ¢g for some
constant ¢y > 0. From the definition of H in (2.40) it is easy to see that

[Hllcn 5y < n(|9|L2(aQ) + |U89||L2(arz)) ; (2.45)

where C),, depends only on n, 02, and ¢g. It suffices then to show as in
Corollary 2.7 that

uloellrz(a0) < C ll9llr200) -

To do so, we use the Rellich identity. Let a be a vector field supported in the
set dist(x, 012) < co such that a- v, > § for some § > 0, V z € 9f2. Using the
Rellich identity (2.20) with this e, we can show that

where C' depends only on 92 and ¢y. Observe that

||VuH2LQ(Q\5) < C'/Q (1 + (k- l)x(D)) Vu - Vudz

<(C gu do
a0

< Cllgllpz(o0) luloellr2oa) -

< (gl + 190l o) ) -

L2(092)

Since [,,,u do = 0, it follows from the Poincaré inequality (2.1) that

ou
luloellf2p0) < CH%

L2(812) .

Thus we obtain

2 2
HU\BQHLz(aQ) < C( ||9||L2(ag) + ||9||L2(ag) ||U8f2|L2(BQ)) )

and hence
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HU\GQHL?(aQ) < C||9\|L2(an) :

From (2.45) we finally obtain (2.42). O

It is important to note that based on this representation formula, Kang
and Seo proved global uniqueness results for the inverse conductivity problem
with one measurement when the conductivity inclusion D is a disk or a ball
in the three-dimensional space [168, 170]. See Appendix A.4.2.

Another useful expression of the harmonic part H of w is given in the
following lemma.

Lemma 2.18 We have

u(x)—(k—l)/DVyF(x—y)~Vu(y)dy x e,

H(x) = (2.46)
—(k—l)/ V,I(z —y) - Vu(y) dy reRIN\ Q.
D
Proof. We claim that
ou
o= (k- 1)5 (2.47)

In fact, it follows from the jump formula (2.12) and the equation (2.42) that

ou OH 0
|~ T e

OH 1 a1
=5y gl KD = e

Then (2.46) follows from (2.43) and (2.47) by Green’s formula. O

Let g € LZ(0£2) and

Uly) = o N(z,y)g(z)do(z) .

Then U is the solution to the Neumann problem (2.38) and the following
representation holds.

Theorem 2.19 The solution v of (2.37) can be represented as
u(z) =U(x) — Npg(z), =€, (2.48)

where ¢ is defined in (2.41).
Proof. By substituting (2.39) into (2.40), we obtain
H(s) = ~Sa(9)(0) + Do Hlon + (Spélloa ) @), v € 2

It then follows from (2.13) that
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(%I—/CQ) (H|ag) = —(SQQ)‘BQ + (%I"”CQ) ((SD¢)|39) on 02 . (2.49)

Since by Green’s formula U = =S (g) + Do (Ulsge) in 2, we have

(%I - ng) (Ulan) = —(Sag)|sa - (2.50)

Since ¢ € L2(0D), it follows from (2.33) that

1
~(37-%2) (Noo)las) = (Sp6)lan - (2:51)
Recall that we have established in the course of the proof of Lemma 2.15 that
(%I - ng)f =0,f€ L*002) = f= constant. (2.52)

Then, from (2.49), (2.50), and (2.51), we conclude that

(%I - ’C”) (HW —Uloo + <%I + ’Cn) ((ND¢)|arz)) =0.

Therefore, we have

H|spo —Ulsn + (%I + ICg) ((Np9)|agn) = C (constant). (2.53)
Note that
(%I + Ko)((Npo)|an) = (Npo)|ao + (Spéd)|aa -

Thus we get from (2.39) and (2.53) that

ulon =Ulag — (Np@)|an +C' . (2.54)

Since all the functions entering in (2.54) belong to L2(942), we conclude that
C =0, and the theorem is proved. 0O

We have a similar representation for solutions of the Dirichlet problem. Let
fe W; (042), and let v and V be the (variational) solutions of the Dirichlet

problems:

V- <1+(k—1)X(D)>Vv_O in 2,

(2.55)
v=jf ondf2,
and
AV =0 in 2,
(2.56)
V=f onof.

The following representation theorem holds.
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Theorem 2.20 Let v and V' be the solution of the Dirichlet problems (2.55)
and (2.56). Then Ov/Ov on OD can be represented as

B oV B
a—Z(x) = 5, (@) = 5-Gpola). w o2, (2.57)

where ¢ is defined in (2.41) with H given by (2.40) and g = dv/dv on 012,
and

Gpé() = / Gl 4)p(y) do(y) -

oD

Theorem 2.20 can be proved in the same way as Theorem 2.19. In fact, it
is simpler because of the solvability of the Dirichlet problem or, equivalently,
the invertibility of (1/2) I 4+ K},. So we omit the proof.

2.5 Energy Identities

The following energy identities hold [172, 10].
Lemma 2.21 The solutions u and U of (2.37) and (2.38) satisfy

u — 2 x — ’u,2 Xr = — U g .
/Q\w )P de + (K 1>/D\v 2d /mw Jgdo , (2.58)

/Q (1+(k—1)X(D)>V(u—U)de—(k_l)/DVU2dx (2.59)

:—/aQ(U—u)gda.

Proof.  From the weak formulations of the Neumann problems (2.37) and
(2.38), it follows that

/V(u—U)-Vndx+(k—l)/Vu~V77dx:O, (2.60)
Ie; D

for every test function n € W12(£2). Substituting n = u in (2.60) and inte-
grating by parts, we have

/Q\V(U—U)\?dxﬂk—n/[)\vude:/m(U—u)gda,

while substituting n = v — U yields

/(1+(k—1)X(D))\V(u—U)|2dx—(k;—l)/ |VU|2dx:—/ (U—u)gdo .
2 D of2

Then Lemma 2.21 immediately follows from the above two identities. O
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Generalized Polarization Tensors

In this chapter we introduce the notion of generalized polarization tensors
(GPT’s) associated with a bounded Lipschitz domain B and a conductivity
k and study their basic properties. The GPT’s are the basic building blocks
for the full asymptotic expansions of the boundary voltage perturbations due
to the presence of a small conductivity inclusion D of the form D = eB + z
with conductivity £ inside a conductor §2 with conductivity 1. See Chap. 4.

The use of these GPT’s leads to stable and accurate algorithms for the
numerical computations of the steady-state voltage in the presence of small
conductivity inclusions. It is known that small size features cause difficulties
in the numerical solution of the conductivity problem by the finite element or
finite difference methods. This is because such features require refined meshes
in their neighborhoods, with their attendant problems [174].

On the other hand, it is important from an imaging point of view to
precisely characterize these GPT’s and derive some of their properties, such
as symmetry, positivity, and optimal bounds on their elements, for developing
efficient algorithms for reconstructing conductivity inclusions of small volume.
The GPT’s seem to contain significant information on the domain B and its
conductivity k which is yet to be investigated.

The concepts of higher-order polarization tensors generalize those of clas-
sical Pdlya—Szego polarization tensors which have been extensively studied
in the literature by many authors for various purposes [72, 24, 73, 105, 200,
198, 123, 180, 186, 231, 232, 241, 95]. The notion of Pdlya—Szegd polarization
tensor appeared in problems of potential theory related to certain problems
arising in hydrodynamics and in electrostatics. If the conductivity k is zero,
namely, if B is insulated, the polarization tensor of Pélya—Szego is called the
virtual mass. The concept of polarization tensors also occurs in several other
interesting contexts, in particular in asymptotic models of dilute composites
[212, 24, 70, 104] and in low-frequency scattering of acoustic and electromag-
netic waves [180, 94].

Our plan of this chapter is as follows. We first give two slightly different
but equivalent definitions of the GPT’s. We then prove that the knowledge of

H. Ammari and H. Kang: LNM 1846, pp. 41-64, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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all the GPT’s uniquely determines the domain and the constitutive parameter.
Furthermore, we show important symmetric properties and positivity of the
GPT’s and derive isoperimetric inequalities satisfied by the tensor elements
of the GPT’s. We also establish relations that can be used to provide bounds
on the weighted volume. We understand an isoperimetric inequality to be
any inequality which relates two or more geometric and/or physical quantities
associated with the same domain. The inequality must be optimal in the sense
that the equality sign holds for some domain or in the limit as the domain
degenerates [229]. The classical isoperimetric inequality—the one after which all
such inequalities are named-states that of all plane curves of given perimeter
the circle encloses the largest area. This inequality was known already to the
Greeks. The reader is referred to [232, 40, 229, 230] for a variety of important
isoperimetric inequalities.

We conclude the chapter by considering the polarization tensors associ-
ated with multiple inclusions. We prove their symmetry and positivity. We
also estimate their eigenvalues in terms of the total volume of the inclusions.
Explicit formulae for the GPT’s in the multi-disk case are given in [21].

The results presented here will be applied in Chap. 5 to obtain accu-
rate reconstructions of small conductivity inclusions from a small number of
boundary measurements. Note that similar results have been established for
the (generalized) anisotropic polarization tensors in [167]. These tensors are
defined in the same way as the GPT’s. However, they occur due to not only
the presence of discontinuity, but also the difference of the anisotropy.

3.1 Definition

Let B be a Lipschitz bounded domain in R? and let the conductivity of B be
k, 0 <k #1<+40c0. Denote A := (k+1)/(2(k — 1)).

Definition 3.1 For a multi-index i = (i1,...,14) € INY, let Of = 8{1 - ~8fldf
and x' = ! —-xi. For i,j € INY, we define the generalized polarization
tensor M;; by

Mj; = /6 o) doty) (3.1)

where ¢; is given by
bi(y) == (M — K) ! (Vg; . Vx’) (y), y€oB. (3.2)

If |i| = [j| = 1, we denote My; by (mypq)% 1 and call M = (mpq)? . the
polarization tensor of Polya—Szego.

Lemma 3.2 For any multi-index i = (iy,...,iq) € IN? there is a unique
solution 1; of the following transmission problem:
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Api(z) =0, zeBU(RY\B),

vl (x) =] (x) =0 x€dB,
+ —

Yi(x) =0 as|z| 500 ifd=3,

1 .
1/1i(x)——log|x|/ v-Vy'do(y) = 0as |z 00 ifd=2.
2w OB

Moreover, 1; satisfies the following decay estimate at infinity

1

we) - 1) [ vetao) =0 i) el o ()

OB

Proof. Existence and uniqueness of v¢; can be established using single layer
potentials with suitably chosen densities. Fairly simple manipulations show
that 0, /0v|_ satisfies the integral equation

oY;
(- K3) (ai

_) (2) = ﬁ(—é—l—K};)(y-Vyi)(x) . 2cOB. (35)

Since Kp(1) =1/2 then

I ; ; I
| -5+ Kp)w 9@ do) = [ (v Ta')(=5 + Ka)(1) do(a) =0,
oB 2 8B 2
and consequently, according to Theorem 2.8, there exists a unique solution
O;/Ov|- € LE(OB) to the integral equation (3.5). Furthermore, we can ex-
press () for all z € IR? as follows

1

Vi(w) = —Sp(M - Ki) Y -Vy)(z), zeR?. (3.6)
To obtain the behavior at infinity of ¢; we write
1 )
0e) = o [ (=9 = 1) ) O = K5) 70 90 do)
Iy [ =K - V) doly).

Since

/ (T — K3) " (- Vo)) do(z) = (k — 1) / v Vyido(y) |
oB

oB

we obtain
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Yi(x) — F(x)/ v-Vy'do(y)

oB
1

— 1 [ (=0 - 1) 01 = Ky - a0 dote)

and therefore by the Cauchy—Schwarz inequality

wile) - (@) [

A da<y>\ < O —y) — T@) | 2om)

which yields the desired decay estimate (3.4) due to the fact that

1
7 =) = D@m= O s ) o5 ol = 400

Observe that uniqueness of a solution ; to (3.3) can be proved in a
straightforward way from the decay estimate (3.4). Let 6 be the difference
of two solutions, so that

v- (1 + (k- I)X(B)) VO=0 in R
0(x) = O<1/|x|d1> as |z| — +o0 .

Integrating by parts yields the energy identity

/ (1+(k—1)X(B))\V9|2:/ Ly
ly|<R

lyl=r OV
Now let R — +o00; we have

%9 =O(R™%*Y) for |y| =R,

so that
/Rd(l + (k= 1)x(B)|Vo* =0.

This implies that 6 is constant in IR, and, in fact = 0 in IR? because 0(y)
goes to 0 as |y| — +o0. O

Lemma 3.3 Foralli,j € IN¢, M;; can be rewritten in the following form:
;07

Mij:(k—l)/an 3 da(w)+(k—1)2/ 2 2%

dB vi_

(z)do(z), (3.7)

where 1; is the unique solution of the transmission problem (3.3).
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Proof. From the expression (3.6) of ¢; and the identity

1 1

we compute by using the jump relation (2.12)

By, 1 . T .

J 4 _ J I — * 1/ = * . 7 d
[ % =t [ [0r- k) g+ K )| dote)

1 . 1 ) )
=— x’ {()\— YN —Kg) v - Vy')(z) —I/-Vxl} do(x) ,

k=1 Jos 2

which immediately leads to (3.7). O
Note that the definition (3.1) of GPT’s is valid even when k& = 0 or co. If
k = 0, namely, if B is insulated, then

Myi= [y (51- /cg)l (v - V)W) o)

while if k = oo, namely, if B is perfectly conducting, then

M;; = /aB y (%I—KE>1(Vy~Vyi)(y) do(y) .

When [i| = |j| = 1, these definitions exactly match those introduced by
Pélya—Szegd [232] and Schiffer and Szego [241].1

The polarization tensor M of Pélya—Szego can be explicitly computed for
disks and ellipses in the plane and balls and ellipsoids in three-dimensional
space [180]. If, for example, B is an ellipse whose focal line is on either the
x1— or the xo—axis, its semi-major axis is of length a, and its semi-minor axis
is of length b then its polarization tensor of Pélya—Szegd M takes the form

a+b

a+b ’
b+ ka

where |B| denotes the volume of B.

The GPT’s seem to carry important geometric and potential theoretic
properties of the domain B. In the following sections we investigate these
properties.

3.2 Uniqueness Result

In this section we prove that the knowledge of all the GPT’s uniquely deter-
mines the geometry and the constitutive parameter of the inclusion. To do so,

1 When k = 0, it is called the virtual mass.
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we relate the GPT’s to the Dirichlet-to-Neumann (DtN) map. We prove that
we can recover the DtN map from all the GPT’s and hence, by a uniqueness
result due to Isakov [156] (see also Druskin [106] and Appendix A.4.1), B and
k are uniquely determined from all the GPT’s.

Let {2 be a bounded Lipschitz domain in R¢ compactly containing B.
Recall that the DtN map A : VV2 (092) — W2, (8(2) corresponding to k and

B is defined by, for f € W? (8(2)

ou

A(f) 125

)
o

where u is the unique weak solution of

V- <1+(k—1)X(B)>Vu:O in 2,

uloo = f.

Let M;;(k, B) denote the GPT’s associated with the domain B and con-
ductivity k. The following theorem asserts that we can recover the DtN map
and hence B and k from all the GPT’s.

Theorem 3.4 Let ki, ko be numbers different from 1, and let Bi, Bs be
bounded Lipschitz domains in RY. Let 2 be a domain compactly containing
B1 U By, and let A, be the DIN map corresponding to k, and By, p=1,2, on
002. If M;j(k1, B1) = M;;(ke, Ba) for all multi-indices i and j, then A; = Ag,
and hence k1 = ko and B1 = Bs.

Proof. Let A, = (kp +1)/(2(k, — 1)), p=1,2. Let H be an entire harmonic
function in IR, Since

Z 37F Yy, x| — oo, (3.8)

3= 0’

we obtain, for all sufficiently large =z,

Sp, (Ml —K3,)”~ Y- VH|sB,)(x)

- / 0wl — Kb,)™ (v~ Vo, () do ()

P> ZZ,J @) [ 0= K, i lon, ) ()
- i i o 8JF () Mij (kp, Bp) -
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If Mij(kl, Bl) = Mij(kg, BQ) for all 7 and j, then
Sp, (MI—=Kp,) " (v-VH|op, )(x) = Sp, (Aol =Kp,) " (v-VH|op,)(x) (3.9)

for all large x. By the unique continuation property of harmonic functions, we
conclude that (3.9) holds for € IR?\ By U By and entire harmonic functions
H.

Let f € W2(002) and uy be the W12(§2) solution of the boundary value

2

problem V - ((1 + (k1 — 1)x(B1))Vu) = 0 in 2 with ulpp = f. Let H(z) :=
=So(A1(f)) (@) + Da(f)(x), v € £2. Then by the representation formula in
Theorem 2.17, we have

ui(x) = H(z) + Sp, (M1 — lCEl)fl(V -VHlgp,)(x), xz€.
Define uy by
ug(x) = H(x) + Sp, (Aol — ICEQ)fl(V -VHlgp,)(x), xz€.

Then uy is a W2(£2) solution of the equation V- ((1+ (kg —1)x(B2))Vu) = 0
in {2. Since H is harmonic in (2, there is a sequence H,, of entire harmonic
functions converging to H uniformly on every compact subset of (2. Since
By U By is a compact subset of (2, it follows from (3.9) that uy = wus in
2\ By U By, where (2’ is any relatively compact subset of {2. By the unique
continuation property of harmonic functions, we get u; = ug in 2\ By U Bs.
Therefore, we obtain

o
Y

- 8u2
o0 ov

A1 (f) = As(f) .

o0

Since f is arbitrary, we conclude that A; = As.

In order to prove that k1 = k2 and By = Bo, it suffices to refer to a result
of Isakov [156] that asserts that B and k are uniquely determined from the
Dirichlet-to-Neumann map A. See Appendix A.4.1. This completes the proof.
O

More physical properties of GPT’s are investigated in Sects. 3.3 and 3.5.

3.3 Symmetry and Positivity of GPT’s

We now consider the symmetry and positivity of GPT’s. When |i| = |j| = 1,
these properties were proved first in [73]. For symmetry we have the following
theorem.

Theorem 3.5 Suppose that a; and b; are constants such that ), a;y’ and
Zj bjy? are harmonic polynomials. Then

ZaibjMij = Zaibiji . (310)
4,7 1,3
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Proof. Note that
ZaibjMij = /@ ijyj Zaz¢z(y) dO‘(y) :
4j By i

Put f(y) = El aiyi7 g(y) = Zj bjij ¢ = 21 ai¢i = (AI - ’C*B)_l(%)7 and
= (A— le‘g)_l(g—z). Then Sp¢ and Sp1) satisfy the transmission conditions

P P - of
ESB¢|+ - kasBﬁb‘— = (k- 1)5

and 9 5 9
(1Y
55}31/}“ - kasfﬂﬁ\— = (k 1)31/

on 0B. Recall that
ZaibjMij = / g¢d0 and Zaibiji = / fﬂ} do .
— OB . OB
i 0.

By (2.12) and the transmission condition, we have

/ g¢d0=/ g —883¢‘ ]da
OB OB o |_

0
-0 [ oge(Suo+ )| do.

OSp¢
ov

* (3.11)

We then immediately obtain
0
/ gpdo = (k — 1)/ (SB¢+9)8—(5B¢+ f)’ do
oB oB v -
0
~ | SubSus
B v

— (k- 1) /B V(Spv+ ) - V(Spé + f)dz

do

0
d0'+/ 831/1—53(25
+ OB ov

+/ VSB¢~VSB¢dx+/ VSt - VSpodr .
R4\ B B

Symmetry property (3.10) follows from the above identity. O
Suppose that f = g in the proof of Theorem 3.5. It then follows from
(3.11) that
of

[ rodo - (k—l)/aB (S50 + 1) do (3.12)

On the other hand, it follows from the transmission condition that
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fode=(c-1) [ (So+ 17 <sB¢+f>] do
B OB

of

_(k—l)/aBSB¢—SB¢ da_(k_l)/aBSBd)%dU

=(k—1)/aB<sB<z>+f) <sB<z>+f)’ i

1 1 o 4o
(=) [, soozsoe] oo (1=5) [ o005,
(3.13)

Define quadratic forms Qp(u) by

:/ |Vul|? dz (3.14)
D

where D is a Lipschitz domain in IRY. Then, by equating (3.12) and (3.13),
we obtain

8f k 1
|| Sp05 o = 1 Qa(Sp0+ )+ T Qmes(S50) — @l
Substituting this identity into (3.12), we get
d k(k—1) S S
Bfﬁb 0= k:—|—1 ————Qp(Spo+ f) + k+1Q]Rd\B( BO)
k—
k——HQB(f)

So we obtain the following theorem of positivity.

Theorem 3.6 Suppose that a;, i € I, where I is a finite index set, are
constants such that f(y) = > .c;awy’ is a harmonic polynomial. Let ¢ =

(A = K5)~H(L). Then

Z aza] ij — ]f +1 kQB(SB¢+ f) + QRd\B(SB¢) + QB(f) . (315)

1,J€1

Theorem 3.6 says that if £ > 1, then GPT’s are positive definite, and they
are negative definite if 0 < k < 1.
3.4 Bounds for the Polarization Tensor of Pdlya—Szego

Our aim of this section is to derive important isoperimetric inequalities satis-
fied by the elements of the polarization tensor of Pdlya—Szegd.
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Let {e,}2_; be an orthonormal basis of IR?. Denote

Oy

op = M =Kp) " (Zr)p=1,....d.

Consider the polarization tensor M = (mpq)% ,—; of Pdlya-Szegd associated
with B and k. From Theorem 3.6 it follows that

k—1
Mpg = 7—— k’/ (VSqup-i-ep)-(VSngq-i-eq)-‘r/ 7VSBQZ5P-VSB¢q+5pq|B| ,

or equivalently

E+1

1 e T Opq| B| = k/B(VSBqu +ep) - (VSBgg + €q)

(3.16)

+ / _v53¢p - V8B -
RA\E

From the Schwarz’ inequality

2
(/ (VS5dy + ) - (VS5 + eq)) < / VSndy + e,,\?/ VSndy + el .
B B B
and similarly for the second integral in (3.16). By squaring both sides of (3.16)

and then applying the inequality to the new right-hand side, we obtain the
following inequality

k+ 1 2 (k1 k+ 1
(mmpq - 5pq|B|) < <mmpp - B> (mmqq - |B|) . (3.17)

We can also develop upper and lower bounds on the diagonal elements
(Mypp)p=1,....d- We have

k—1
Mo = g |F [ IVSmtn+ e+ [ VSnoy 4 1B
k+1 B RI\B

where ¢, = (M — K5) " (). V 7 € R, we compute
/ TV (Spdp + up) + €l
B

:72/ \V53¢p+ep\2+27/ V(SePp + yp) - ep + | Bl
B B

d
:TQ/ \vs3¢p+ep\2+27/ (—Squ,,
B 8B ov

n )y 118

Since
) 1. . |
533% = (—51 +KB)op = (A = 5)% —Up
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then

1 1
— - —=|B
)My 7_2‘ |,

1 2
/ VSsép+ef* = / TV(SBdp + yp) + el — = (A —
B T B T 2

and hence
Mpp 2k _ k. 1
E—1 (1 + T(k}-‘rl)) = |B|(1 - _)k—+1

+ o |: / ITV( SBpr'i‘yp)""ep‘Q / |VSB¢p2] .

Taking 7 = —1 in the above identity we arrive at

m 1
v _ gy L k/ |—V<ss¢p+yp>+ep\2+/ VS |

and therefore

Mpp .
—= >|B| ifk<l1
1= IBl k<1,
and

Mpp

1§\B\ ifk>1.

Taking 7 = —k yields

Mpp 1 .
< —-|B fk<1
Fo1 s Bl k<L,
and )
Mpp .
— > —|B fk>1.
ro1 =5 Bl k>

The following optimal upper and lower bounds for the diagonal elements of
the Polarization Tensor of Pélya—Szego hold.

Lemma 3.7 If M = (mpq)g’q:1 is the polarization tensor of Polya—Szegé
associated with the bounded Lipschitz domain B and the conductivity 0 < k #
1 < 400 then

min(1, )|B|< ppl < max(1, )\B\ p=1,...,d. (3.18)

These bounds are optimal in the sense that they are achieved by the diagonal
elements of thin ellipses (for d = 2) and thin spheroids (for d = 3).

Note that the bounds d|B|min(1,1/k) and d|B|max(1,1/k) on the trace
Tr(M) of the matrix M which follow directly from (3.18) are not optimal.
Indeed, the optimal bounds are given by the following lemma [71, 72].

Lemma 3.8 If M is the polarization tensor of Pdlya—Szegd associated with
the bounded Lipschitz domain B and the conductivity 0 < k # 1 < +o00o then

d? “<THM@
d—1+k"' = k=1

<(d-1+ )\B\
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The domain of possible values of the polarization tensor of Pélya—Szegd
for a domain of a given volume and a given conductivity can be found in
[186, 72]. As shown by Capdeboscq and Vogelius in [72], any point in this
domain is achieved by coated ellipses. As has been pointed out by Kozlov
in [185, 186], the derivation of optimal bounds for the polarization tensor of
Pélya—Szegd and the estimates of its possible values are direct analogues of
the corresponding estimates for the effective conductivity matrix known in
the theory of composite materials [139, 199, 215, 205].

The proof of Lemma 3.8 relies on a variational principle associated with
the representation (3.16) of the elements of the matrix M. This variational
principle can be formulated as follows [22]:

d 2
1 . 1
D IR I (RCERINE) | T
p,q=1
B
+ %\SIQ, VE= (&), e R, d=2,3.
(3.19)
Here
Wy = {w e W,2(R?) : % € L*(R?),Vuw € L2(IR3)}
and
Wy = w e W-3(IR?) : e EL2R2,VweL2R2}.
2 { loc ( ) \/1—|——7‘210g(2 I 7"2) ( ) ( )

Another interesting result that can be obtained by using the variational
principle (3.19) is the following: (1/(k — 1)) M is a monotonically increasing
positive definite matrix if we replace the given domain B by another B’ which
contains B.

Finally we would like to mention the following important unproven con-
jecture of Pélya—Szegd that is related to Lemma 3.8: if

2

Tr(M) = (k- 1)|B|m

then B is a disk in the plane and a ball in three-dimensional space.

3.5 Estimates of the Weighted Volume and the Center of
Mass

If f(z) = > asz’ is a harmonic polynomial, then Qp(f) = [ V(3 a;a’)|? de,
where @ p is defined by (3.14). In particular, if f(z) =z, p=1,...,d, then
Qp(f) = |B|. One can observe from (3.15) that if ) ‘
polynomial, then

ser @' is a harmonic
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E a;a; M Eaa: ’

i,5€1
; aia; M;; in terms of the weighted

\ k—

>

We now derive an upper bound for >, ;.
volume.

Theorem 3.9 There exists a constant C' depending only on the Lipschitz
character of B such that if f(x) =,.; a;x’ is a harmonic polynomial, then

k—l—l
/|Vf|2 Za,a] ij

i,j€1

< 0/ |V f|?dx . (3.20)

Proof. By the definition of GPT’s, we have

B
> aia;M;; = /f YO = K5)~ (a_i

i,j€1

) (y)do(y) -

OB

Since [, (A — ICE)_l(%bB) do =0, we get

> aia; M = /aB — fo) AT — K) ™! (?

) (y)do(y) ,

igel Vles
where fo := f fdo. It thus follows from Lemma 2.10 that
k — of
Z aa;M;j| < C ‘k T 1‘ If = follz2(am) ‘8 .
i,5€I L*(0B)

By the Poincaré inequality,

If = folle2om) < ClIVfllL2B) -

Thus the proof is complete by Lemma 2.1. O
We now investigate the relation of GPT’s with the centroid of B. Suppose
that B is a two dimensional disk with radius r, then, (2.16) yields

1o(2) = Kpo(@) = — [ o(y)doly)

Ar OB

which gives that K3 (¢) = 0 for all ¢ € L3(0B). Thus, if f(y) = >, a;y’ is
harmonic, then

S @i = K5) "y Vy)@) = 1V

Therefore, we have
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Za, ”:A/ yv, - Vfdo(y /Vy Vfdy.

Thus, if i = j = ey, p = 1,...,d, then M;; = \7YB|, and if i = e, and
Jj = 2ep, then M;; = 2\~ 1\B\x , where z* is the center of the ball. Here

{ep}d_, is an orthonormal basis of R?.

Suppose now that d = 3 and B = B,.(z*) is a ball of center 2* and radius
r. Then, by (2.17), Kj¢(z) = —5-Sp¢(z) for all z € 9B.

Let f be a harmonic polynomial homogeneous of degree n with respect to
the center x*. Let

p(r) = SB(g—Z o)(x), ze€RY\B.

By (3.8) we have
Z/aB > SO -2y~ 2 G ) doy)

151 g
:/aB a

,5]F( z*)(y —27) 5> (y) do(y) -
In particular, ¢(z), z € IR*\ B, is homogeneous of degree —n — 1 with respect
to z*.
By (2.12), we get

=’

dy 1 N of
ol = (37+%) (5],) @
_1of i af
_281/() S (6‘1/ )(a:), x€0B.
Therefore,
r—x* 1 10f
-V +2<p 281/(.’[:) on 0B .

It then follows from the homogeneity of ¢ and f that (x—z*)-Vp = —(n+1)p,
and hence
T 8f

pu— 8B-
YT T onxiar M

So far we proved that if f is a harmonic polynomial homogeneous of degree
n with respect to z*, then

(0 1. (of
B(% aB) () = 27‘8 (81/

It then follows that

1 of
aB) (x)_may( z), z€0B.
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af ) _ (k-D@n+1)0f
oB

J— * \—1 -
(A — K3%) (ay a5, OB (3.21)

In particular, if f(x) =z, p = 1,2, 3, then

0F 9 (o )
ov  Ov )

Thus by (3.21) we get

1 (0f 3(k—1)0f
— * 1 - _ @@ _ v
(M - K%) (81/33) 12 oy on 0B .
Therefore, if |i| = 1, then
M--fgi/v Vyid (3.22)
T Th e oYy '

Observe that if j = 2e, and i =e,, p=1,...,d, then

/ Vyl - Vy'dy = 2/ yj dy = 2, |B| .
B B
So far we have proved the following theorem.

Theorem 3.10 Suppose that B = B,.(x*) is a ball in RY, d=2,3. Leti; :== ¢
and j; == 2e;, L =1,...,d. Then

_ dk—1) _
Mz”l—m|B|, l—l,...,d,
and 2d(k —1)
(Mijys-- s Miyj,) = m‘B‘C[}*

For a general bounded Lipschitz domain B, we have the following theorem.

Theorem 3.11 Let B be a bounded Lipschitz domain and x* the center of
mass of B. Let i; := ¢e; and j; := 2e;, L =1,...,d. Then there exists C which
depends only on the Lipschitz character of B such that

*

Ty

<C [k = 1| diam(B) . (3.23)

‘Mzm _
E+1

Zl 2

Proof. Since
(A= K) ™ (1) = A"+ AL = K) " K (wa) |

it follows from (2.29) that
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I = K5) ™ () = A Ml p2omy < CIATHIM = Ki) T K ()l L2 (0)
< CIN 2K ()l 20m) < CIN (0B

Note that
M, — 207 My, = /a (= PO = K)o do(y)

‘We also note that

(v — 27)*mi(y)do(y) =0 .
oB

It then follows from the Cauchy—Schwarz inequality that

My, — 207 My | = ] [ w-aiy [(M K ) ) — m(y>] do<y>]
< Cdiam(B)?|0B||\| 2 .

Then (3.23) follows from (3.20). This completes the proof. O

Theorem 3.11 says that if either k is close to 1 or the diameter of B is
small, then (M;,j,/Mi,;i,)i=1,....a, where j; = 2e, is a good approximation of
the centroid of B.

We note that even when the conductivity of the inclusion and the back-
ground is anisotropic, the polarization tensor shares the same properties, sym-
metry and positivity. For this, see [167].

3.6 Polarization Tensors of Multiple Inclusions

Our goal in this section is to investigate properties of polarization tensors
associated with multiple inclusions such as symmetry and positivity, which,
in a most natural way, generalize those already derived for a single inclusion
in the above sections. We also estimate their eigenvalues in terms of the total
volume of the inclusions and explicitly compute them in the multi-disk case.
These results are from [21].

Let Bs for s = 1,...,m be a bounded Lipschitz domain in R%. Throughout
this section we suppose that:

(H1) there exist positive constants C; and Cj such that
C1 <diam B; < 0y, and O <dist(Bs,By) < Cy, s#5";

(H2) the conductivity of the inclusion By for s = 1,...,m is equal to some
positive constant ks # 1.
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3.6.1 Definition

Theorem 3.12 Let H be a harmonic function in RY for d = 2 or 3. Let u
be the solution of the transmission problem:

v.(( LJ +;;hx ) u=0 inR, (3.24)

w(x) — H(z) = O(|z|"™%) as |z] — o0

There are unique functions ¢V € L3(0B)), 1 = 1,...,m, such that
z)+ Y Spel (). (3.25)

The potentials oV, 1 =1,...,m, satisfy

R B

v ’631 EYO) ’63 on 0By , (3.26)
s#l

where vV denotes the outward unit normal to B, and

ki+1
N‘mm—n'
Proof. Tt is easy to see from (2.12) that « defined by (3.25) and (3.26) is the
solution of (3.24). Thus it is enough to show that the integral equation (3.26)
has a unique solution.
Let X := L3(0B1) x - - -x L(0B,»). We prove that the operator T : X — X
defined by

T(eW, - o™ = To(eM - ™) 4 Ty (oMW (M)
— ((Alj_]C*Bl)@(l)’... 7(>\m1—’C*Bm)<P(m))

d(Sp,#™) d(Sp, ™)
N Z YD) |aB1 "72 9 (m) |6Bm

s#1 s#EM

is invertible. By Theorem 2.8, Ty is invertible on X. On the other hand, it
is easy to see that T; is a compact operator on X. Thus, by the Fredholm
alternative, it suffices to show that T is injective on X. If T(¢™M), ... (™)) =
0, then u(x) := 31", S,V (), x € R? is the solution of (3.24) with H = 0.
By the uniqueness of the solution to (3.24), we get u = 0. In particular, Sg, ")

is smooth across 9By, I = 1,..., m. Therefore,
) — 8(83190(1)) | _ 8(83190(1)) | -0
4 w7 T =T

This completes the proof. 0O
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Definition 3.13 Let i = (i1,...,%4),7 = (J1,---,7Jd) € IN? be multi-indices.

Forl=1,...,m, let <p(-l)

. be the solution of

(s)
N0 3 I(Sp.wi") dx’
()\ZI — ICB[)@’L‘ — W’aBl ay ’63 on aB[ . (327)
s#l

Then the polarization tensor M;; is defined to be

M;; = Z /a oV () do(z) . (3.28)

If |i| = |j] = 1, we denote M;j by (mpg)?
first-order polarization tensor.

4 g=1- We call M = (mypg)t ., the

3.6.2 Properties

Theorem 3.14 Suppose that a; and b; are constants such that ), a;y’ and
Zj bjy’ are harmonic polynomials. Then

ZaibjMij = Zaibiji . (329)
(2] 0,J

Proof. Reasoning as in the proof of Theorem 3.5 we put f(y) == >, a;y’,
g(y) = Z ; bjyj7 90(1) = aigo(-l), and w(l) = Z . b»apy) to easily see that

Zaib M;; = Z/ g@(l) do and Zalb M;; = Z

BBl
We also put
x) = iSBlgo(l) and Y(z ZSBz
=1
From the definition of @El), one can readily get
kla(gyff) = 8(5;1)@) om0, (3.30)

and the same relation for g + ¥ holds. From (3.27) we obtain
l !
a(SBLQDE )) ‘ _ kla(SBz ( )) ’ 1

oSnp)| _ oSme)| 5,

v IR0

. Tz a0

:(kl_l)zaiT z* +ZSB <,0

i s#l

9 (s)
[+ § Sp.y;
l s 1
ov®) o

= (ki —1)
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Thus, it follows from (3.30) that

A(Sp, M) (Sp, ") o(f + )
o0 = o - =50 . = (b = 1) =55~ _om OBy . (3.31)

Therefore, we get

Zalb M;; = Z(kl - 1)/ QW‘_ do

=1 9B
R (f +9)
_Z(kl 1)/031( + W) 5 ‘_d

do
+

Observe now that
0
do =% S, ASB2T)

> [, P
dB + 5.1 /0B v

=— Z/ VS, - VSp, oW dx
RN\ B;

= Z / VSp. " - VSp,eY dx
R4

l;és \BlUBs

and on the other hand

m

d(Sp,e") (s) )
ZLBZWT_da_Z ; VSp. ) - VSp,0Y dx
s,l !

1
=> / Ve v - VSp e dr + = / VSp. ' - VSp,pW dx
=178 27 /s,

to finally arrive at

> aibiMi; ="k — ) {(g+ ), (f + D)),
i 1=1 (3.32)

m 1
+ 01 (85, SO + 5 Y (S84, S50V
s#l
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Here, the notation (u,v)p := [, Vu - Vodz has been used. The symmetry
(3.29) follows immediately from (3.32) and the proof is complete. O

Theorem 3.15 Suppose that either ky —1 > 0 or kj —1 < 0 for all ]l =
1,...,m. Let

1
1 —
Ky

K := max
1<i<m

For any a; such that )", a;y’ is harmonic,

‘KZ — 1| - i
;a,a]Mm > —— ; |k — 1] 5 V(; a;y')| dy . (3.33)
In particular, if k; — 1 > 0 (resp. < 0) for all | = ,m, then M =
(mpq)d 1 is positive (resp. negative) definite and if Zp a2 =1, then
- LERIRS
p;lapaqmpq < 1 Z|kl =18

Proof.  Suppose that either ks —1 > 0or k;—1 < Oforalll =1,...,m
Recall that the quadratic form Qp(u) is defined by Qp(u) := (u,u)p. It then
follows from (3.32) that

ZaiajMz] Z kl - 1 QBL f+¢ +ZQ]R‘I SBZ )

=1

+§ > (Sp.¢"), Sp, ") (3.34)
s#l

= (ki = 1)Qp,(f + P) + Qra(®) .
=1

On the other hand, because of (3.30), we get

of 0o
EO- 0]

0P

(kl—l) lm_ OnaBl7 l:1,7d
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Thus, it follows from (3.31) that

ZaiajMij (335)
4,7

ooy [ D
3Bl al/

(ki —1)Qs,(f +Zkz—1/ g—fqﬁda

Ms

’da

1

M T

=1 oB, WV
= (kl—l QB )+ / —| ®do — kl/ —| ddo
; ! Z 8B, 31/ ; 9B, 81/
= (ki = 1)Qs,(f ZQW = (ki —1)Qp,(® (3.36)
=1 =1
By equating (3.34) and (3.36) we have
> (k= 1)Qp,(f +P) + Qra(®)
= " . (3.37)
=Y (= 1)Qp,(f) =D Qmra(®) =D (ki —1)Q,(®)
1=1 1=1 1=1
and consequently, one can claim that
Z(kz -1)Qp,(f Z kiQp, (P), (3.38)

=1 =1

since the left-hand side of (3.37) is positive. It also follows from (3.37) that

Qra(P) = Z k-1 |:QBL - QB (f+9)—Qs (@)} . (3.39)
1=
Substituting (3.39) into (3.34), we obtain
;jaiajMij = ml—&—l ;(kl - 1)Qp,(f + )
S - Qs () - Qn@)]

=1

and hence

ZaiajMij Z Z k’l - 1 |:QBI QBI ((P):| . (340)
i,J l:l
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But by (3.38) we get

> (k= 1)Qp, (@ Z leBz( )
=1 =1

S“ZleBz Zkl_lQBz )

=1

and hence (3.33) follows immediately from (3.40). This completes the proof.
O

Based on the definition (3.28), polarizations tensors associated with multi-
ple disks and balls are explicitly computed in [21, 197]. It should also be noted
that Cheng and Greengard gave in Theorem 2.2 of their interesting paper [81]
a solution to the two- and three-disk conductivity problem based on a method
of images.

3.6.3 Representation by Equivalent Ellipses

Suppose d = 2, and let M = (mpq)th:1 be the first-order polarization tensor
of the inclusions U™ ; B;. We define the overall conductivity k of B = U™ ; B

by
k=1 -k
1 z:: ; - (3.41)
and its center z by
k—1_& ks — 1
= Z dz . 3.42
Py zg ; Pl /Bsx x (3.42)

Note that if ks is the same for all s then k = k4 and Z is the center of mass of
B.

In this section we represent and visualize the multiple inclusions U7%, B,
by means of an ellipse, £, of center Z with the same polarization tensor. We
call £ the equivalent ellipse of UJX; B;.

At this point let us review a method to find an ellipse from a given first-
order polarization tensor. This method is due to Briihl, Hanke, and Vogelius
[64]. Let £ be an ellipse whose focal line is on either the 21— or the s —axis.
We suppose that its semi-major axis is of length a and its semi-minor axis is
of length b. Let £ = RE" where R = (6989 —e 9) and 0 € [0, 7]. Let M be

sin@ cos@
the polarization tensor of £. We want to recover a, b, and 6 from M knowing
the conductivity k = k.
Recall that the polarization tensor M’ for £ takes the form

, , a+b 0
w = -0l (75 )
b+ka
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and that of & is given by M = RM'R”. Suppose that the eigenvalues of M
are A1 and Az, and corresponding eigenvectors of unit length are (eq, 612)T
and (ea1, e22)”. Then it can be shown that

a:,/ﬁ, b:,/@, Hzarctaneﬁ7
™q T €11

L_k-1/1 1Y kA
p kil T (A VI W

where

05 05 @ 05 QQ

0 0 0
-05 -0.5 -0.5
-1 - -1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(k,k,)=(15,1.5) (k,k,)=(1.5,3.0) (k, k,)=(1.5,15.0)
ab,at, ab, by, bt bl | ks E a b 0 z

1.5|| 1.5 |0.313|0.256{0.322( -0.000, 0.400)
1.5

-0.3,0.2,0, 0.3,0.2,0{1.5][2.077{0.307]0.261|0.322| (0.129, 0.443)
0.3,0.2,0, 0.5,0.2,0 | 3
1.5((3.324/0.301|0.266|0.322| (0.188, 0.463)
15

Fig. 3.1. When the two disks have the same radius and the conductivity of the
one on the right-hand side is increasing, the equivalent ellipse moves toward the
right inclusion. In the table k and Z are the overall conductivity and center defined
by (3.41) and (3.42) and a, b, 0 are the semi-axes lengths and angle of orientation
measured in radians of the equivalent ellipse.

We now show some numerical examples of equivalent ellipses. We represent
the set of inclusions B = U{L, B by an equivalent ellipse of center z and
conductivity k. We assume that the inclusion By takes the following form:

0B; = { (aé + aj cos(t) + a3 cos(2t), by + b sin(t) + b3 sin(2t)> ,0<t < 2#} .




64 3 Generalized Polarization Tensors

In order to evaluate the first-order polarization tensor of multiple inclusions,
we solve the integral equation (2.41) with H(x) = z, to find gpés) forp=1,2
and s =1,...,m, and then calculate mp, = 320", [5p5 2405 (z) do ().

Figures 3.1 and 3.2 show how the equivalent ellipse changes as the con-
ductivities and the sizes of the inclusions Bs vary. The solid line represents
the actual inclusions and the dashed lines are the effective ellipses.

oi() of O

of @D 0
-1 -1 -1
-2 -2 -2
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
(r1 ,rz):(0.2,0.2) (r1,r2):(0.2,0.4) (r1,r2):(0.2,0.8)
ki a67a’i?a%7b67 Zlabz2 ]5 a b 0 z

-1,0.2,0, 0,0.2,0 ][1.5[0.317[0.254]0[(-0.700 , 0.000)
-0.4,0.2,0, 0,0.2,0
1.5 -1,0.2,0, 0,0.2,0 ||1.5]0.478]0.420[0[ (-0.200, 0.000)
1.5 0,0.2,0, 0,0.2,0
-1,0.2,0, 0,0.2,0 ||1.5/0.844[0.806]0] (0.694, 0.000)
0.8,0.2,0, 0,0.2,0

Fig. 3.2. When the conductivities of the two disks are the same and the radius of
the disk on the right-hand side is increasing, the equivalent ellipse moves toward the
right inclusion.
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Derivation of the Full Asymptotic Formula

In this chapter we derive full asymptotic expansions of the steady-state voltage
potentials in the presence of a finite number of diametrically small inclusions
with conductivities different from the background conductivity. The derivation
is rigorous and based on layer potential techniques and the decomposition
formula (2.39) of the steady-state voltage potential into a harmonic part and
a refraction part. The asymptotic expansions in this chapter are valid for
inclusions with Lipschitz boundaries and those with extreme conductivities
(zero or infinite conductivity).

The main result of this chapter is the following full asymptotic expansion
of the solution u of

V- (X<Q\ U D_s) + stx(Ds))Vu =0 in £,

s=1 s=1 (41)
ou
AT 95

for the case m = 1. The leading-order term in this asymptotic formula which
expresses the fact that the conductivity inclusion can be modeled by a dipole
has been derived by Cedio-Fengya, Moskow, and Vogelius [73]; see also the
prior work of Friedman and Vogelius [123] for the case of perfectly conduct-
ing or insulating inclusions. A very general representation formula for the
boundary voltage perturbations caused by internal conductivity inclusions of
small volume fraction has been obtained by Capdeboscq and Vogelius in their
interesting paper [70].

Theorem 4.1 Suppose that the inclusion consists of a single component, D =
eB+ z, and let u be the solution of (4.1). The following pointwise asymptotic
expansion on A2 holds for d = 2,3:

H. Ammari and H. Kang: LNM 1846, pp. 65-78, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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n e lF i)

e !
) [<<I+n+2 ;le dEderlQp) (6ZU(Z)))iMij3£N(x,z)} Y

+O(etmy

where the remainder O(e™™) is dominated by Ce?*"||g||r2(p0) for some C
independent of x € 0(2. Here N(m z) 1is the Neumann function, that is, the
solution to (2.30), M,;, i,j € IN?, are the generalized polarization tensors
introduced in (3.1), and the matriz Qp is defined in (4.17).

In particular, if n = d then we simplify formula (4.2) to obtain:

We have a similar expansion for the solutions of the Dirichlet problem
(Theorem 4.7).

In the expression (4.3), the remainder O(¢2?) is dominated by C’€2¢, where
the constant C” can be precisely quantified in terms of the Lipschitz character
of B and dist(D, 042) (see [29, 13]).

The constant C’ blows up if dist(D, d£2) — 0 or B has a "bad” Lipschitz
character, i.e., the constant C' in (2.28) goes to +o0o (or, in view of Lemma
2.9, §(B) = mingepp(x,v,) — 0 if B is a star-shaped domain with respect to
the origin in two-dimensional space).

When B has a ”"bad” Lipschitz character we must use, in place of (4.3), the
asymptotic formula corresponding to a small thin inclusion, which has been
formally derived by Beretta, Mukherjee, and Vogelius in [53] and rigorously
justified by Beretta, Francini, and Vogelius in their recent paper [52]; see also
[51].

In the case where the small inclusion is nearly touching the boundary
(dist(D,062) — 0) a more complicated asymptotic formula established in
[13] should be used instead of (4.3). The dipole-type expansion (4.3) is valid
when the potential u within the inclusion D is nearly constant. On decreasing
dist(D, 012) this assumption begins to fail because higher-order multi-poles be-
come significant due to the interaction between D and 9f2. Our approximation
in [13] provides some essential insight for understanding this interaction.

The derivation of the asymptotic expansions for any fixed number m of
well-separated inclusions (these are a fixed distance apart) follows by iteration
of the arguments that we will present for the case m = 1. In other words, we
may develop asymptotic formulae involving the difference between the fields
u and U on 0f2 with s inclusions and those with s—1 inclusions, s = m,...,1,
and then at the end essentially form the sum of these m formulae (the reference
fields change, but that may easily be remedied). The derivation of each of the

e‘ il +jl+d-2 )
—— U (2)M;0IN (2, 2) + O(Z) . (4.3)
ilj!

Zd)



4.1 Energy Estimates 67

m formulae is virtually identical. If D takes the form D = U™, (eBs + zs).
The conductivity of the inclusion eBs+ z; is ks, s = 1, ..., m. By iterating the
formula (4.3) we can derive the following expansion in the case when there
are several well separated inclusions:

m d
u(@) =U) =Y Y

i+t iy ra—2

0'U(zs)M;;(ks, Bs)OI N (, 25)

T
== =
+ 0(e*) .
(4.4)
As stated in the above theorem, we restrict our derivation to the case
of a single inclusion (m = 1). We only give the details when considering

the difference between the fields corresponding to one and zero inclusions. In
order to further simplify notation we assume that the single inclusion D has
the form D = e¢B + z, where z € (2 and B is a bounded Lipschitz domain
in R¢ containing the origin. Suppose that the conductivity of D is a positive
constant k # 1. Let A := k+1/(2(k —1)) as before. Then by (2.39) and
(2.41), the solution u of (2.37) takes the form

u(z) = U(x) — Np(M — K) 7! (%—Ij

)(ac), x €012,
oD

where U is the background potential given in (2.38).

4.1 Energy Estimates

Let us begin with the following estimate of the trace of u—U on the boundary
092.

Proposition 4.2 If 92 and 0D are Lipschitz then there exists a positive
constant C' independent of €, k, and g such that, for ¢ small enough,

lu = Ullr200) < Ck = 1) |lgllr200)e?  if k> 1,
1 .
< C(E — 1) lgllr20m)€* if0<k<1.

Proof. We first observe that
Do(u—U)(z)=H(z), xR\, (4.5)
which follows immediately from the fact that D (U)(z) — Sq(g)(z) = 0 for
ze R\ 0.
Recall that according to (2.28) there exists a positive constant C' that
depends only on the Lipschitz character of {2 such that
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| f1lz2(00) SCH(—%H—ICn)f V fe Lion). (4.6)

L2(882)

Employing this inequality, we write
1
o= UllZ200) < Cll(=51 + Ko)(w = U)l[Z200)

It then follows from the jump formula (2.13) that

2

lu=Ull3agoey < € lim [ |Da(u—U)(w+twm)| do(),

—0* Jogn
which gives with the help of (2.46) and (4.5) that

2

lu = Ul aqoy < €l - 12 [ do(a) .

a0

/D VyI'(z —y) - Vu(y) dy

Thus we get by the Cauchy—Schwarz inequality

1= U220 < Clk— 1 /D Vu(y)|? dy) /a K /D IV, (& — ) dy) do(z)

(4.7)
If k£ > 1, then using the energy identity (2.58) we arrive at

lu=Ullzomy < Clh=Dllgllzzoa [ ([ 19,0 =) dy) doto).
D

But there exists a positive constant C' depending only on |B| and dist(D, 942)
such that

/ ( / IV, (& — )| dy) do(z) < Cet |
o0 D

for € small enough. Inserting this into the above inequality immediately yields
the desired estimate for k > 1.
If 0 < k < 1, then by using (2.59) we have

[ vl <2 [ V-0l [ 90wy
D D D
2
<2 [ (14 G031V - )P ay
+2 [, [VU(y)* dy
2
< m”“ = Ullr200)ll9llL200) -
Here we have used the energy identity (2.59). Combining (4.7) with the above
estimate, we deduce that for 0 < k < 1 the desired estimate holds and the

proof of the proposition is then complete. O

As a direct consequence of Proposition 4.2 and its proof we get the follow-
ing corollary.
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Corollary 4.3 Let 0 < k # 1 < 4+00. There exists a constant C(k) indepen-
dent of € such that
d
IVul apy < C(R) e |

Next we employ the Rellich identity stated in Lemma 2.6 to estimate the
L?-norm of the tangential derivative of u — U on the boundary 0f2 as € goes
to zero.

Lemma 4.4 Let T, be the tangent vector to 2 at x. If 312 is Lipschitz then
there exists a positive constant C depending only on the Lipschitz character

of 012 such that

d
< Cllgllz200)€? - (4.8)

L2(0R)

Proof. Let

r€dB

Q. = {x € 2, dist(z,002) > (C’ — max |x|)e}

and a be a smooth vector field such that the support of a lies in IR? \ £2. and
(a, ) > ¢1 > 0 on 912 (here, ¢; depends only on the Lipschitz character of
012). Using the Rellich identity (2.20) with this a we obtain

/6!2<a7 V>

since d(u — U)/dv = 0 on 92. Hence

Combining the energy identity (2.58) together with Proposition 4.2 leads us
to the estimates

[ va-vp< [ w-uwg

<|U = ullp200) llgllL200)
< Cellgllz2 o0 -

2

0
8—T(u—U)

:/n—2(VaV(u—U),V(u—U)>+(V'a)|V(“_U)‘2’

9 w-v)

o7 < C’/Q|V(u—U)\2. (4.9)

Therefore (4.9) implies that the estimate (4.8) holds. O

Proposition 4.5 If 912 is of class C? then there exists a positive constant C
that is independent of €, k, and g such that

lu— Ul|z=@0) < Clk—1]|lgllz200) ,

for € small enough.
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Proof. Since 012 is of class C2? then

b

1
llu = Ulrep0) < C H(—§I+’CQ)(U -U)
L>=(902)

where C' depends only on the C? character of £2 and therefore

llu = Ul|L~a0) < C lim sup
t—=0t 1o

Do(u—U)(z+ tvy)| .

Using (2.46), we readily get

llu = Ul|L~@00) < Clk—1| sup
T€EIN

<cle=1l s ([ 19,06 pPdy) IVuliow).
D

[ Vil =) vuty dy‘

€02

Since
|Vul|2(py < Ce?/?

by Corollary 4.3 and sup,co ([}, [VyI (@ — y)|? dy)'/? is bounded by Ce?/?,

we obtain the desired result. 0O
Next, the following estimates hold.

Proposition 4.6 (i) If {2 is Lipschitz, then
|IH = Ul|r2(50) < Cllu—Ullr2(00) < Clk — 1||g]|22(002)€® -

(ii) If 2 is of class C%, then

|H = Ul 00) < Cllu—Ul|p=@00) < Clk —1|[lgllr200)€* -
(iii) If 2 is of class C?, then

|H = Ul| oo 2y < Clk = 1] llgllz2002€* -
(iv) If 2 is of class C?, then
|H = Ullwrae) < Clk = 112 [|g]|L202)e * -

(v) If 2 and D CC (2 are Lipschitz, then

IVH = VU|| oo (py < Cllu=Ullz2(002) < Clk = 1|l|glL2002)¢? ,

where C' depends on dist(0§2, D).
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Proof. (i) and (ii) follow from the fact that
H-U-= (%I"‘K:Q)(U—U) on 912

together with

HICQUHLQ(GQ) < CHUHLQ(OQ) if {2 is Lipschitz,

HICQUHLDQ(@Q) < C/H’UHLoc(@_Q) if £2 is of class CQ y
where the constants C and C’ depend only on the Lipschitz and C? characters
of 2, respectively. (iii) is a direct application of the maximum principle to the

harmonic function H — U and (ii).
To prove (iv) we write

0

Y =0y = [ SLUT=U)0 - U)

0
<||H - UHL"’(BQ)H%(H_U)HL2(BQ) :

Since, by using the fact from Theorem 2.11 that K : W2(082) — W2(9£2) is
a bounded operator together with Lemma 4.4, we have

0 d
H%(H_U)HLZWQ) < Ol[H=Ullwz(a0) < Cllu=Ullwzao) < Ce2|lgllr2o0) -

Therefore we get
3d
IV(H = U)|[72(02) < Clk = 1[l9l[72000€ % -

Now, since V(H —U) = VDgq(u — U), we obtain

IVH = VUl < s [ V.D(e =) doty) Ju = Ullzzcon
xz€D J O

and consequently (v) holds, where the constant C' depends on dist(942, D).
This finishes the proof of the proposition. 0O

4.2 Asymptotic Expansion

Define
~ 1o i
Hy(x) =Y S(OH)(2)(w — 2)".
|i|=0
Here we use the multi-index notation i = (iy,...,iq) € IN%. Then we have

from (2.42) that
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< sup |VH(z) - VH,(x)||0D["/?
L2(dD) z€dD

< ||H||cn+1(5)‘37 - Z|n“9D|1/2
< C|lgllr2(a0)€™ 10D .

Note that

if hda:O,then/ M —Kp) thdo=0. (4.10)
oD oD

If [, hdo =0, then we have for z € 912 that

IND(M - )~ h(z)| = \ [ [Ncc, y) - Nz, z>] (T = K) " hy) da<y>\
< CeloD['? 12/l 20y -

It then follows that

sup
x€0D

ov

0H OH,,
Np(AI — ]C*D)71 <W|6D - —|6D) (z)

d+n

< CeloD|2 %H OH,

o < CHQHL?(@Q)E

L2(8D)

Therefore, we have

0H,,
Oov

u(z) =U(x) = Np(A[ = Kp)~ ( )(m) +0(e™™), zedn, (4.11)

where the O(e?*") term is dominated by C||g]|12(a2)e*™™ for some C' depend-
ing only on ¢y. Note that

1=k (S ap ) ) z_j M -K5) (Va2 ) )

Since D = eB+z, one can prove by using the change of variables y = (x — z) /e
and the expression of K}, defined by (2.14) that

(M=Kt (%VI.V(I_Z)Z) (z) = =Y \T—K5) 7t (%yy-vy) (%(z—z)) .

Put
bi(z) = (M —Kp)™! <uy : Vyi> (x), z€0B. (4.12)
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Then we get
Np( = k)~ (%m) (x) (4.13)
= " l H ! T (e 1y —2))do
|ZZ—:1 A - N(z,y)gi(e” (y — 2)) do(y)
- Z SOHS2 [ N eyt 2)oil) doty)

oB

We now have from (2.35) and (4.13)
0H,
)(ac)

v
= Y l8i ‘|+d2 |J|8]Nacz I (y)do(y) .
> @H Z )] oldoty)
lij=1 "

l3l= 0’

NDw—ic;s)-l(

Observe that since H is a harmonic function in {2 we may compute

S L@ MEAW) = 4, | X 5@ mEy | =0,

lij=t lij]=t
and therefore, by Green’s theorem, it follows that
/ Z (0'H (") -vydo(y) =0.
OB ;12 it
Thus, in view of (4.10) and (4.12), the following identity holds:
1 .

Y SO H)2) [ ¢ily)doly) =0 VI>1.

li[=t 3 0B
Recalling now from Lemma 2.16 the fact that

n—|i|+1
N (@ ey +2) =t Y AN (2, 2)y’ + Ot )
lil=0 7"

for all 4,1 < |i| < n, and the definition of GPT’s, we obtain the following
pointwise asymptotic formula. For z € 912,

n n—li+1 L
il+3]

u(z) = Uz) — €72 Z Z

+ O(etm) .

@ MOMING)

Observing that the formula (4.14) still contains *H factors, we see that the
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remaining task is to convert (4.14) to a formula given solely by U and its
derivatives.

As a simplest case, let us now take n = 1 to find the leading-order term in
the asymptotic expansion of u|sg as € — 0. According to (v) in Proposition
4.6 we have

[VH(z2) = VU(2)| < Cellg]| 2(00) »

and therefore, we deduce from (4.14) that

u(z) = U(z) — € Z (O'U)(2)My;0IN (x,2) + O(?) | 2 €002,
li|=1,|j]=1

which is, in view of (3.7), exactly the formula derived in [123] and [73] when
D has a C*“-boundary for some a > 0.

We now return to (4.14). Recalling that by Green’s theorem U = —Sp(g)+
Dn(Ulan) in £2, substitution of (4.14) into (2.40) immediately yields that, for
any x € {2,

H(x)=U(z)
n |\+|y| ‘ .
ed— 2|Z: Z Z'J' H)(z )M”'DQ(aJN( ))(x)+0(ed+"). (4.15)
1 |j]=1

n (4.15) the remainder O(e?*") is uniform in the C"-norm on any compact
subset of {2 for any n, and therefore

0 n—|il+1
. Z (d—2 Z I H) (2) Py = (9'U)(2) + O(eT*™) (4.16)

l71=1

for all | € IN? with |I| < n, where

1 .
Py = Z.,—j,MijaiDrz(aiN('yz))

r=z
Define the operator
d—2 i+
Pe = (01)1ema jij<n — (Uz +et2Y S el'ﬂvipijl) :
lil=1 |j]=1 leNY,|I|[<n

Observe that
Po=I+eRi+- + T IR, .

Defining the matrices Q,,p=1,...,n —1, by

T+eRi+-+M IR, ) =T4+eQ1 4+ 7710,

+ O(e) (4.17)
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for small €, we finally obtain that

((8iH)(Z))ie]Nd,|i\§n = (I + Z€d+p_19p) ((aiU)(Z))ieH\Id7\i|§n + O(€d+n) )

(4.18)
which yields the main result of this chapter stated in Theorem 4.1.
We also have a complete asymptotic expansion of the solutions of the
Dirichlet problem.

Theorem 4.7 Suppose that the inclusion consists of a single component, and
let v be the solution of (4.1) with the Neumann condition replaced by the
Dirichlet condition v]gno = f. Let V' be the solution of AV = 0 in 2 with
Ve = f. The following pointwise asymptotic expansion on 9f2 holds for
d=2,3:

n—il+
L il

il
10, )@V () M2l 5-Gr.2)

(4.19)
where the remainder O(e?*™) is dominated by C’ed+"||f||W§ (90) for some C
independent of x € 0f2. Here G(x, z) is the Dirichlet Gree;L’s function, M;;,

i,j € N, are the GPT’s, and Q) is the operator defined in (4.17), where P;jx
is defined, in this case, by

Pus = gttt (5,6 )0 9)|_

Theorem 4.7 can be proved in the exactly same manner as Theorem 4.1.
We begin with Theorem 2.20. Then the same arguments give us

n L i) _
o(@)=V(z) - 23 Y C i (0" H)(2)MijdlG (x, 2) + O(e™) .

lil=1|jl=1

From this we can get (4.19) as before.

We conclude this section by making a remark. The following formulae
(4.20) and (4.21) are not exactly asymptotic formulae since the function H
still depends on e. However, since the formula is simple and useful for solving
the inverse problem in later sections, we make a record of them as a theorem.
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Theorem 4.8 We have
d2 n n—|i+1 |H’|J| i MaJF
u(x i T—2z
( ) Z Z Z' | ) J ( ) (420)
lil=1 |j|=1
—|—O(Ed+n) ,

where x € 082 and the O(e?™) term is dominated by C’Hg||L2(aQ)ed+" for
some C depending only on ¢y, and H is given in (2.40).
Moreover,

n
li]=1

for allz e R4\ 2.

n—|

i+
Z € el =291 (2 ) M09 T (w—2)+O0(e*™) , (4.21)
— v

Proof. Beginning with the representation formula (2.39), one can show in
the same way as in the derivation of (4.11) that

) = HG) + SpO = K5) (%5 21an ) (@) + 0() . €02,

for z € 0f2. Then the rest is parallel to the previous arguments.
The formula (4.21) can be derived using (2.43). O

4.3 Derivation of the Asymptotic Formula for Closely
Spaced Small Inclusions

An asymptotic formula similar to (4.2) was obtained for closely spaced in-
clusions in [21]. In this section we present the formula and its derivation in
brief.

Let D denote a set of m closely spaced inclusions inside §2:

D=U D, :=U" (eBs + 2),

where z € {2, € > 0 is small and B, for s = 1,...,m is a bounded Lipschitz
domain in IR?. We suppose in addition to (H1) and (H2) in Sect. 3.6 that the
set D is well-separated from the boundary 942, i.e., dist(D, 92) > ¢y > 0.

Let g € L%(92). The voltage potential in the presence of the set D of
conductivity inclusions is denoted by w. It is the solution to

( Q\UD +stx )VU—O in 2,

:g,/ u=0.
802

The background voltage potential is denoted by U as before.
Based on the arguments given in Theorem 2.17, the following theorem was
proved in [190].

o (4.22)

ov |y
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Theorem 4.9 The solution u of the problem (4.22) can be represented as
2)+> Sp ), ze, (4.23)

where the harmonic function H is given by
H(z) = =8Sa(9)(x) + Da(f)(z), xz€ 2, f:=ulon,
and ) € L3(OD,), s = 1,--- ,m, satisfies the integral equation
d(Sp,v) OH

AT = Kp, 0 =3 =22 op, = 567 lon.
l#s

on 0Dy .

Moreover, ¥ n € IN, there exists a constant C,, = C(n, (2, dist(D, 012)) inde-
pendent of |D| and the conductivities ks, s = 1,...,m, such that

HHch ) < Cullgllz200) -
One can also prove the following theorem.

Theorem 4.10 The solution u of (4.22) can be represented as
u(z) =U(x) — ZNDSz/J(S)(a:) , x €I,

where ), s =1,...,m, is defined by (2.41).

Following the arguments presented in Sect. 4.2, we only outline the deriva-
tion of an asymptotic expansion of u leaving the details to the reader.
For x € 912, by using the change of variables y = (x — 2z)/e we may write

0B,

Z Np, ¥ (z) = 1 Z N(x, ey + 2)0) (ey + 2) do(y) . (4.24)
s=1

We expand the Neumann function as in (2.35)

N(z,ey+z) = Z ,l'e‘j‘agN(%z)yj : (4.25)
lj1=0 "

We then use the uniqueness of the solution to the integral equation (3.27) and
the expansion of the harmonic function H,

H(x) Z

2)(x—2)', z€D,

Nl)_|
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to show that

o0
6|\1

’(/J (ey + 2) :Z

) () (y), yedB., (4.26)

where <pl(-s) is the solution of (3.27). Substituting (4.25) and (4.26) into (4.24),
we obtain

elil+1il+d— 2 ‘
ZND SIS i @ M(RIN(,2)
[i|=11j]=0
x> / Y ol (y)do(y)
s=1 9B;
If j =0, then fBBS yj‘»"z('s) (y)do(y) =0 for s =1,...,m, and hence we get

- elil+1il+d— 2 ‘
ZNDS Z Z gt H)(2)0IN (@, 2)Mij , (4.27)
s=1 [i]=1]j]=1

where M;; is the generalized polarization tensor defined in (3.28).

We now convert the formula (4.27) to the one given solely by U and its
derivatives, not H. Using formula (4.16), we can show analogously to (v) in
Proposition 4.6 that

O H(2) - 0'U(2)] < Celllgllp2oa) for i € N,
where C' is independent of € and g. We finally have the following theorem.

Theorem 4.11 The following pointwise asymptotic expansion holds uni-
formly in x € 982 for d =2 or 3:

(lil il +d—2

U)(2)LN (2, 2)Mi; + O(e*?) |

where the remainder O(e*?) is dominated by C€*?\g| r2(a0) for some constant
C independent of x € 012.
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Detection of Inclusions

Taking advantage of the smallness of the inclusions, Cedio-Fengya, Moskow,
and Vogelius [73] used the leading-order term in the asymptotic expansion of
u to find the locations zs, s = 1,...,m, of the inclusions and certain proper-
ties of the domains By, s = 1,...,m (relative size, orientation). The approach
proposed in [73] is based on a least-squares algorithm. Ammari, Moskow, and
Vogelius [28] also utilized this leading-order term to design a direct recon-
struction method based on variational formulation. The idea in [28] is to form
the integral of the "measured boundary data” against harmonic test func-
tions and choose the input current g so as to obtain an expression involving
the inverse Fourier transform of distributions supported at the locations z,
s=1,...,m. Applying a direct Fourier transform to this data then pins down
the locations. This approach is similar to the method developed by Calderén
[69] in his proof of uniqueness of the linearized conductivity problem and
later by Sylvester and Uhlmann in their important work [248] on uniqueness
of the three-dimensional inverse conductivity problem. The main disadvan-
tage of this algorithm is the fact that it uses current sources of exponential
type. This is one important practical issue, which we do not attempt to ad-
dress, and which needs to be resolved. A more realistic real-time algorithm
for determining the locations of the inclusions has been developed by Kwon,
Seo, and Yoon [191]. This fast, stable, and efficient algorithm is based on the
observation of the pattern of a simple weighted combination of an input cur-
rent g of the form g = a - v for some constant vector a and the corresponding
output voltage. In all of these algorithms, the locations z5, s = 1,...,m, of
the inclusions are found with an error O(e), and little about the domains Bg
can be reconstructed. Moreover, to put these algorithms into use, one requires
that the size of the inclusions be very small.

In this chapter we apply the accurate asymptotic formula (4.2) for the
purpose of identifying the location and certain properties of the shape of
the conductivity inclusions. By improving the algorithm of Kwon, Seo, and
Yoon [191] we first design two real-time algorithms with good resolution
and accuracy. We then describe the least-squares algorithm and the varia-

H. Ammari and H. Kang: LNM 1846, pp. 79-101, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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tional algorithm introduced in [28] and review the interesting approach pro-
posed by Brithl, Hanke, and Vogelius [64]. Their method is in the spirit
of the linear sampling method of Colton and Kirsch [89]. Furthermore, we
give Lipschitz-continuous dependence estimates for the reconstruction prob-
lem. These estimates, established by Friedman and Vogelius [123], bound
the difference in the location and relative size of two sets of inclusions
by the difference in the boundary voltage potentials corresponding to a
fixed current distribution. We conclude the chapter by presenting upper
and lower bounds on the moments of the unknown inclusions. We refer to
[181, 184, 240, 244, 100, 247, 65, 62, 63, 147, 151, 152, 194, 201, 142, 102, 59, 60]
for other numerical methods aimed at solving the inverse conductivity prob-
lem in different settings.

We conclude this introduction with a comment on the uniqueness ques-
tion of the inverse conductivity problem with one (or two) measurements.
This question is whether a single (or two) Cauchy data (u|sgn,g) is suffi-
cient to determine the conductivity inclusion D uniquely. It has been stud-
ied extensively recently. However, it is still wide open. Even the uniqueness
within the classes of ellipses and ellipsoids is not known. The global unique-
ness results are only obtained when D is restricted to convex polyhedrons
and balls in three-dimensional space and polygons and disks in the plane (see
[48, 46, 122, 159, 242, 169, 170]). We refer the reader to Appendix A.4.2 for
the unique determination of disks with one measurement.

5.1 Constant Current Projection Algorithm —
Reconstruction of Single Inclusion

The constant current projection algorithm has been developed by Ammari and
Seo in [29]. To bring out the main ideas of this algorithm we only consider the
case where D has one component of the form eB + z. Based on Theorem 4.1
and two more observations we rigorously reconstruct, with good resolution
and accuracy, the location, the size and the polarization tensors from the
observation in the near field (x near 042) and the far field (« far from 942) of
the pattern H(z), which is computed directly from the current-voltage pairs.

The mathematical analysis provided in this section indicates that the con-
stant current projection algorithm has good resolution and accuracy.

As we said before, this algorithm makes use of constant current sources.
For any unit vector a € R?, d = 2,3, let H|a - v] denote the function H in
(2.40) corresponding to the Neumann data

)
g(y):$(a-y):a~vy, yeon.

The expression D = €B + z requires some care because it can be expressed
in infinitely many different ways. For a unique representation, we need to
select a canonical domain B which is a representative domain of the set of all
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D = €B + z. Assume for simplicity that & > 1. Let 7, be the set of all strictly
star shaped domains B satisfying

/a:da::O7 |M(k,B)| =1,
B

where | M| is the determinant of the matrix M and M (k, B) is the polarization
tensor of Pdlya—Szego associated with the domain B and the conductivity
k= (2\+1)/(1 — 2X). Then, by using the essential fact from Chap. 3 that
M (k, B) is a symmetric positive definite matrix and so, its determinant cannot
vanish, it is not hard to see that if € By + 21 = €3Bs + 25, where By and B>
belong to 7y then z1 = z2,€¢1 = €3, and B; = By. Note that if 0 < k < 1 then
M(k, B) is a symmetric negative definite matrix. Throughout this chapter,
we assume that B € 7.

The first step for the reconstruction procedure is to compute € and M (k, B)
up to an error of order €.

Theorem 5.1 (Size estimation) Let S be a C?-closed surface (or curve in
IR?) enclosing the domain £2. Then for any vectors a and a* we have

Mma*wvam— a-v|(z)a* vy do(x
| 5@ e o) — [ Hlavi@ e vedote)
()

=—a* ("M (k,B) -a) 4+ O(e

Proof. Let 2’ denote the domain inside S, that is, 942" = S. Since S C IRd\ﬁ,
it follows from (2.43) that for any vector a, H|a - v] = —Sp¢ on S, where

OH
¢ = (M — K*D)_l(W‘BD) .

Thus the left side of (5.1) is in fact equal to
0
_/ — (Spo(z)) a* - xdo(z) + / Spg(x) a* vy do(z) . (5.2)
s Ov s

Using the fact that ASp¢ = 0 in R \ 0D and the divergence theorem on
2\ D, we can see that the term in (5.2) equals to

- / I(Sp(=))
oD ov

a* - xdo(x) +/ Spp(x)a* - v, do(z) .

+ oD

Then by the jump relation (2.12), it equals to
—/ a* - x ¢(x)do(z) .
aD

Setting h(y) = L Hla-v](z + ey), we have by a change of variables
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/ 0 -y $ly) do(y) = et / oty T = K3)~h(y) do(y) .
oD OB

The estimate (v) in Proposition 4.6 provides the expansion

/ 0"y (AT~ K3) i(y) do(y) = / 0"y (A= K3)" (v-a) do(y) + O(c) ,
OB oB

which leads us to the identity (5.1). O

Now, let us explain how to compute ¢ and M (k, B) up to an error of order
¢ using Theorem 5.1.

Let A be the d x d matrix defined by A = vVBB7T, where the pg-component
of B is equal to

0Hle, - V] cxdo(z) — ep - vV|(x)eq - vy do(x
/ST(:L’)&] do () /SH[p 1(2)eq - va do(x) .

Here B” is the transpose of the matrix B and {e,}?_, is an orthonormal basis

of RY. Define )
* _ d? *
e = WA, M*:= (e*)dA

According to Theorem 5.1 we immediately see that

e =e(1+0(eh) and M* = M(k, B) + O(¢?) . (5.3)

Note that slightly different size estimations can be obtained by making
use of Lemma 3.8, see [71, 72]. It can be shown that

1 Tr(A)

Tr(A)d—1+k
d—1++ k-1 ‘

k—1 d?

< |D|(1+0(e)) <

Because of the normalization |M (k, B)| = 1, the knowledge of M does not
determine k. Equivalently, it is not possible to determine ¢ and k simultane-
ously from the knowledge of the lowest-order term in the asymptotic expansion
of the pattern H.

Observe that by construction the real matrix M* is symmetric positive
definite. Let 0 < 71 < 74-1 < 74 be the eigenvalues of M (k, B). Using once
again the fact that M (k, B) is a symmetric positive definite matrix it follows
that there is a constant C depending only on the Lipschitz character of B
such that C < 7, < 1/C and therefore, for e small enough, the eigenvalues

{T;Ep)}gzl of M* satisfy the same estimates.
Having recovered (approximately) the polarization tensor of Pélya—Szego
M (k, B), we now compute an orthonormal basis of eigenvectors ail), R a'?

of M*. We will use these eigenvectors for recovering the location z. Let X, be

a line parallel to afkp ) such that

. 1
dist (89721;)—0(W>, p:1,7d
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For any x € X, it is readily seen from (4.21) and (5.3) that for background
potentials U, given by

1
Up(x):agkp)'l'—m anaﬁp)-ydo(y), p=1,....d,

(or equivalently for the currents g = a?. v) the following asymptotic expan-
sion holds:

(e*)d 62d

Hla{" - V)(z) = -7 =2 +0(—m)  (54)

wgl|z — 2|

for all x € X)), where 7P is the eigenvalue of M™* associated with the eigen-

vector aip ) .
(p)

In fact, this is the far field expansion of the pattern H[a;"” - v], from which
we find the location z with an error of order O(e?). To get some insight,
let us neglect the asymptotically small remainder O(e??) in the asymptotic
expansion (5.4).

Our second important observation is that, since M* is symmetric positive
and the set of eigenvalues ail), e ,aﬁf” forms an orthonormal basis of IR, we
will find exactly d points z¥ € X,,p = 1,...,d, so that H[agf’) -v](2X) = 0.
Finally, the point z, = Zzzl(zf -al?) a® is very close to z, namely |z, — 2| =
O(e?).

Theorem 5.2 (Detection of the location) Let aV, ... a™ denote the
mutually orthonormal eigenvectors of the symmetric matrix M*. For each
p=1---,d, let H[aip) - v] be the function H in (2.40) corresponding to
the Neumann data g = aﬂf) -v and let X, be a line with the direction aip)
so that dist (002,%,) = O(1/(e*)4~1). Then there exist 2¥ € %, so that
H[aip) -v](2}) = 0. Moreover, the point z, = Zzzl(zf . aip))aip) satisfies
the following estimate

|z, — 2| < Ce? | (5.5)

where the constant C' is independent of € and z.

Proof. From (5.4) it follows that there exists a positive constant C', indepen-
dent of x, z, and € such that

d
(p) € ®E=2) d
Hlay .V](x)z_wd\z—dd*l (T* 72| cayx’ 4 Ce ) for all x € X, ,
d
(») € WE=2) @ _
Hlay .V](I)S_wd\a:—dd_l (7'* 7= cay’ —Ce ) for all z € X2, .

For z € ¥, satisfying
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(x—z) ()<_i€
|z — 2| T,Ep)

d

Sﬁp) .

we have Hlay" - v](z) > 0. On the other hand, for = € X, satisfying

(=2 o, C
‘;[;—z‘ (P)

we similarly have H [an’ ). v](z) < 0. Therefore, the zero point z, satisfies
(2« —z)-a&p)| <Ce, forp=1,...,d,

which implies that (5.5) holds, since {aS}’ ) d_, forms an orthonormal basis of
R%. O

Finally, to find more geometric features of the domain B and its conduc-
tivity k, we use higher-order terms in the asymptotic expansion of H which
follows from a combination of the estimate (v) in Proposition 4.6 and the
expansion (4.21):

Hla- ZZ

[i|=1|j]=1

clil+lil+d—2
ad’T'(x — 2)M;; + O(€?) . (5.6)

Since z,e€, and the polarization tensor M are now recovered with an error
O(e?), the reconstruction of the higher-order polarization tensors, M;;, for
lil =1 and 2 < |j| < d, could easily been done by inverting an appropriate
linear system arising from (5.6). Then we could determine the conductivity k
from the knowledge of M;;, for 1 < i, |j] < d.

The main results in this section are summarized in the following recon-
struction procedure.

[Constant current projection algorithm]

For any unit vector a let H[a - v] be the function H in (2.40) corresponding
to the Neumann data g(y) = a - v,y € 02. Let {e,}?_, denote the stan-

dard orthonormal basis of IR?. Let S be a C2-closed surface (or curve in IR?)
enclosing the domain (2.

Step 1: Compute Hle, - v](z) for z € S to calculate the matrix A = VBB,
where the pg-component of B is equal to

Hle, -
/ w(x)eq xdo(x / Hlep - v](z)eq - vy do(x)
S ov
and B” is the transpose of the matrix B. Then

¢ = 2/IA] = (1 + O(ch)) and M* := ﬁ& = M(k, B) + O(e) .

Here |A| denotes the determinant of A.
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Step 2: Compute an orthonormal basis {agﬁp )}gzl of eigenvalues of the sym-
metric positive definite matrix M™*.

Step 3: Consider X, to be a line with the direction a'?) so that dist (002,%,) =
O(1/(e)%1) and 2% € X, so that H[a{" - V](7) = 0. Then the point
Zy = Zzzl(zf . an’))an’) satisfies the estimate |z, — z| = O(e?).

Step 4: Recover the higher-order polarization tensors M;;, for |i| = 1 and
2 < |j| < d, by solving an appropriate linear system arising from (5.6)
and then determine the conductivity £ from the knowledge of M;;, for
L< il lj] < d.

k] 0 % 4 0 s 0 5 10 ) 4

g
4

Fig. 5.1. Detection of the location and the polarization tensor of a small inclusion
by the constant current projection algorithm.

5.2 Quadratic Algorithm — Detection of Closely Spaced
Inclusions

Recall that the constant current projection algorithm uses only linear solu-
tions. In this section, we design an other algorithm using quadratic solutions.
We apply this algorithm for the purpose of reconstructing the first-order po-
larization tensor and the center of closely spaced small inclusions from a finite
number of boundary measurements. As before, the algorithm is based on the
asymptotic expansion formula (4.19). For g € L3(942), define the harmonic
function H[g](z), z € R\ 2, by

H[g)(z) == =Sa(9)(z) + Da(uloe)(z) , =R\ 12, (5.7)

where u is the solution of (4.22). Then by substituting (4.19) into (5.7) and
using a simple formula D(N (- — 2))(z) = I'(x— z) for z € 2 and € R\ 12,
we get

d 94 clil+lil+d—2
Hlgl@) ==Y > —r—

li|=1j]=1

i (O'U) ()T (x — 2)Myj + O(2F) . (5.8)
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Assume for the sake of simplicity that d = 2. The reconstruction procedure
is the following.

[Quadratic algorithm]

Step 1: For g, = Ox,/0v, p = 1,2, measure u|ogn.
Step 2: Compute the first-order polarization tensor €2M = €2(m,, )<

pg=1 for
D by

€ Mmpg = tlinolo 2mtH|gp)(teq) -

Step 3: Compute hy, = lim;_, 27tH[gs](tep) for g3 = %,p =1,2. Then
the center is estimated by solving

z = (hy, he) (M)~ .

Step 4: Let the overall conductivity k& = oo if the polarization tensor M is
positive definite. Otherwise assume k& = 0. Use results from Subsect. 3.6.3
to obtain the shape of the equivalent ellipse.

In order to collect data u|sg in Step 1, we solve the direct problem (2.37)
as follows. Using the formula (4.23) and the jump relations (2.12) and (2.13),
we have, for s = 1,...,m, the following equation:

u= g + Kou —Spg + ZSDJ[/(S) on 912,

s=1
.\ (s (Sp, ™) oH
(AT = Kp, )0t - Z 3Vl(s) |8Ds = 90 |8Ds on 9D .

l#s

We solve the integral equation using the collocation method and obtain u|gg
on 02 for given data g.

A few words are required for the Step 4. In order to find the overall con-
ductivity, it is necessary to know the individual conductivity ks and the size of
B, s =1,...,m, which seems impossible. Thus we assume a priori that k is
either oo or 0 depending upon the sign of detected polarization tensor. There-
fore it is natural that the quadratic algorithm gives better information when
the conductivity contrast between the background and inclusions is high. We
illustrate in Fig. 5.2 the viability of this algorithm. Rigorous justification of
the validity of this algorithm follows from the arguments we just went through
for the constant current projection algorithm.

We conclude this section with a comment on stability. In general, the
measured voltage potential contains the unavoidable observation noise, so that
we have to answer the stability question. Fortunately, the constant current
projection and quadratic algorithms are totally based on the observation of
the pattern of H; thus if

H™[g](z) := —8a(g)(x) + Do(u™*) forz e R\ 12,



5.2 Quadratic Algorithm 87
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Fig. 5.2. Reconstruction of closely spaced small inclusions. The dashed line is the
equivalent ellipse and the dash-dot line is the detected ellipse. The numerical values
are given in Table 5.1.

where u"™¢** is the measured voltage on the boundary, then we have the

following stability estimate

|[H™**[g](x) — H[g](z)| <

a—F(x -y) (umeas — u) (y) dU(y)‘

a0 Ovy
< O™ =200 ,
where C' is a constant depending only on the distance of x from 9f2. Thus

we have to conclude that the constant current projection and quadratic algo-
rithms are not sensitive to the observation noise.
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ki ab,at,ab, by, b, bs k a b 0 z

k a b 0 z
100 5.5, 0.2, 0, 5.2, 0.2, 0 60.079(0.511{0.468| 0.000 | (4.838, 4.900)
100 5.5,0.2, 0, 4.6, 0.2, 0 oo 10.502|0.461|0.000 | (4.856, 4.899)
50 4.5,0.4,0,4.9,04, 0
1.5 -7.4,0.2,0,-4,0.2, 0 1.5 10.474/0.190| 0.000 |(-6.844, -4.000)
1.5 -6.4, 0.5, 0, -4, 0.1, 0 oo 10.146|0.123| 0.000 | (-6.875, -4.000)

100 0.1,02,0,0,02,0
100| -0.3, 0.2, 0, -0.4, 0.2, 0 3.88 [0.511[0.315]0.785 |(-0.236, -0.336)
15| -0.7,0.2,0,-0.8,0.2, 0 oo 0.355/0.267|0.785 |(-0.233, -0.333)
15|  -1.1,0.2,0,-1.2, 0.2, 0
5 2.9,04,0,-2.7, 0.1, 0 ||18.655/0.491|0.365] 0.443 | (2.494, -3.375)
100/2.5, 0.25, 0.2, -3.3, 0.25, 0.05|| oo |0.458(0.351|0.443 | (2.434, -3.321)
50| 2.0, 0.2,0,-4.0, 0.2, 0

5 | 4.5, 0.15, 0.2, -3, 0.25, 0.05

5 5.2,0.1,0,-3,04, 0 5 10.507]0.419|-0.000| (5.502, -3.000)
5 | 5.8,0.15, 0.2, -3, 0.25,0.05 || oo [0.401]0.353|-0.000| (5.436, -3.000)
5 6.6,0.2, 0, -3,0.2, 0

100[6.0, 0.25, 0.2, 4.6, 0.25, 0.05 || 100 |0.549]0.331|-0.089] (5.728, 4.772)
100| 55,04, 0,52, 0.1, 0 oo |0.540(0.329|-0.089] (5.712, 4.817)

100  5.2,0.2,0,4.7, 0.2, 0

Table 5.1. Table for Fig. 5.2. Here k,Z are the overall conductivity and center
defined by (3.41) and (3.42). @, b, and 0 are semi axis lengths and the angle of
orientation of the equivalent ellipse while a, b, and 6 are those of detected ellipse
assuming k = oco. The point z is the detected center.

5.3 Least-Squares Algorithm

In this section we consider m inclusions Dy,s = 1,...,m, each of the form
D, = esBs+z; where each B € Ty,. Here Ay = (ks+1)/(2(ks—1)). Let S be a
C2-closed surface (or curve in IR?) enclosing the domain 2. The least-squares
algorithm is based on the minimization of a discrete L?-norm of the residual

d  i|l+]j]+d—2
€s

m d
Hlg](z) + Z Z Z T(aiU)(Zs)agp(w — zs) M5

on S. Here M = M,;;(ks, Bs). We select L equidistant points, x1,...,zr, on
S and we seek the unknown parameters of the inclusions D, as the solution
to the nonlinear least-squares problem

m d d li]+]j|+d—2
s

L
min Y (Hlgl(z) + Y Y > e (0'U)(2) T (w1 — 25) M
=1

71q!
=1 [i]=1 |j|=1 J
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We minimize over {m, z, €5, ks, Bs} when all the parameters are unknown;
however, there may be considerable non-uniqueness of the minimizer in this
general case. If the inclusions are assumed to be of the form z; + €,Q B, for
a common known domain B, but unknown locations, zs, and rotations Qs
then if e, and ks are known, the least-squares algorithm can be applied to
successfully determine the number m of inclusions, the locations zs and the
rotations @, as demonstrated by numerical examples in [73].

5.4 Variational Algorithm

This algorithm is based on the original idea of Calderén [69], which was, by
the way of a low amplitude perturbation formula, to reduce the reconstruction
problem to the calculations of an inverse Fourier transform. It may require
quite a number of boundary measurements, but if these are readily available,
then the approach is rapid and simple to implement.

For arbitrary n € RY, one assumes that one is in possession of the bound-
ary data for the voltage potential, u, whose corresponding background po-
tential is given by U(y) = eintin®)-y (boundary current g,(y) = i(n + int) -
Vyei("“‘”’ﬂ'y on d12), where n'- € R? is orthogonal to 7 with |n| = |n™|.

If S is a C?-closed surface (or curve in IR?) enclosing the domain 2 then,
analogously to (5.1), one can easily prove that

)= /S %H[Qn}(y) =Y o (y)

- Z/ Higa)(y) vy - (n— i) €070 dor(y) (5.9)

S el i) M (i) O
s=1

where € = sup, e; and M* = M (k;, Bs).

Recall that the function e2"* (up to a multiplicative constant) is ex-
actly the Fourier transform of the Dirac function §_z,_ (a point mass located
at —2z,). Multiplication by powers of 1 in the Fourier space corresponds to
differentiation of the Dirac function. The function £(n) is therefore (approxi-
mately) the Fourier transform of a linear combination of derivatives of point

masses, or
m
o E d
E ~ 68L55_2zs ,
s=1

where L, is a second-order constant coefficient, differential operator whose
coefficients depend on the polarization tensor of Pélya-Szegé M, and & rep-
resents the inverse Fourier transform of £(n).

The variational algorithm consists then of sampling the values of £(n) at
some discrete set of points and then calculating the corresponding discrete
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inverse Fourier transform. After a re-scaling (by —1/2) the support of this
inverse Fourier transform yields the location of the inclusions. Once the loca-
tions are known, one may calculate the polarization tensors of Pdlya—Szego
by solving the appropriate linear system arising from (5.9).

To arrive at some idea of the number of the sampling points needed for
an accurate discrete Fourier inversion of £(n) we remind the reader of the
main assertion of the so-called Shannon’s sampling theorem [96]: A function
f is completely specified (by a very explicit formula) by the sampled values
{f(co + n/h)}12°  if and only if the support of the Fourier transform of
f is contained inside a square of side h. For the variational algorithm this
suggests two things: (1) if the inclusions are contained inside a square of side
h, then we need to sample £(n) at a uniform, infinite, rectangular grid of
mesh-size 1/h to obtain an accurate reconstruction, (2) if we only sample the
points in this grid for which the absolute values of the coordinates are less
than K, then the resulting discrete inverse Fourier transform will recover the
location of the inclusions with a resolution of § = 1/2K. In summary: we need
(conservatively) of the order h?/§% sampled values of £(n) to reconstruct, with
a resolution J, a collection of inclusions that lie inside a square of side h. The
reader is referred to [261] for a review of the fundamental mechanism behind
the FFT method for inverting the quantity in (5.9).

The following numerical examples from [28] clearly demonstrate the via-
bility of the variational approach.

Fig. 5.3. Five inclusions - (a): 30 x 30 sample points, (b): 20 x 20 sample points.

We take the domain (2 to be the square [—10, 10] x [—10, 10] and we insert
five inclusions in the shape of balls, with the s*"-ball positioned at the point
(s,s). We take each M*® to be 10 x I and ¢ = 0.1. We sample £(n) on the
square [—3, 3] x [—3, 3] with a uniform 30 x 30 grid in (a) (900 sample points)
and 20 x 20 grid in (b) (400 sample points). We are thus following the recipe
from above, with h = 5 and K = 3. We should expect a recovery of all the
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locations of the inclusions, with a resolution § = 1/6. The discrete inverse
Fourier transform yields the grey-level (intensity) plot shown in Figs. 5.3. In
Fig. 5.3 (a) we see that the five balls are still visible.

In order to simulate errors in the boundary measurements, as well as in
the different approximations, we add on the order of 10% of random noise to
the values of £(n). We see from the following figures that the reconstruction
is quite stable.

Fig. 5.4. Five inclusions with 10% noise- (a): 30 x 30 sample points, (b): 20 x 20
sample points.

5.5 Linear Sampling Method

We now describe the interesting approach proposed by Briihl, Hanke, and Vo-
gelius in their recent paper [64]. This approach is related to the linear sampling
method of Colton and Kirsch [89] (see also [177] and [62]) and allows one to
reconstruct small inclusions by taking measurements only on some portion of
042. Tt has also some similarities to a MUItiple Signal Classification (MUSIC)-
type algorithm developed by Devaney [99, 193] for estimating the locations
of a number of pointlike scatterers. We refer to Cheney [77] and Kirsch [178§]
for detailed discussions of the connection between MUSIC algorithm and the
linear sampling method. See also Sect. 13.2.2.

Let Ow be a subset of 92 with positive measure and define L3(dw) to be
those functions in L?(0w) with zero integral over dw. Let D = U™, (e B + 2)
be a collection of small inclusions with conductivities 0 < ks # 1 < +00,s8 =
1,...,m, and satisfying

|zs — 25| >2c0>0 Vs#s and dist(zs,002)>2c0 >0 Vs. (5.10)
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For a function g € L(0w) we can solve the problems

V-(l—l—(k—l)x(D))Vu:O in 2,
@:g on Ow ,
§Z (5.11)
520 on 912\ Ow ,
/u(x)da(a:):()7
ow
and
AU =0 in 2,
oU
E—g on Jdw , ( |
ou 5.12
%—O on 002\ dw ,
/ Ulz)do(z) = 0 .
ow

Define the partial Neumann-to-Dirichlet map on L2(dw) by Ap(g) = u|aw. Let
Ap be the partial Neumann-to-Dirichlet map on L3(dw) for the case in which
no conductivity inclusions are present. We seek to use Ap — Ay to determine
D. In this connection we shall first establish the following.

Lemma 5.3 The operator Ap — Ay : L3(0w) — L%(dw) is compact, self-
adjoint, positive (respectively negative) semi-definite, if 0 < ks < 1 (respec-
tively +00 > ks > 1) for all s=1,...,m.

Proof. Let g € LE(Ow), and let u and U denote the solutions of (5.11) and
(5.12). An easy application of Green’s theorem gives

u(@) = Dolulo) + (k - 1) /D Vu(y)- VI(z — y)dy - /@ 9(y)T(z —y) do(y)

and

Ux) = Do(Ulag) - /6 o(y)D(x —y)doly), z€0.

Subtracting these two equations and letting x goes to 942 yields

1

(EI—ICQ)(U—U):(k—l)/DVu(y)-VF(x—y)dy for any x € 012.

By using (2.13) and (2.52) together with the fact that

/ (u—U)(y)do(y) =0,
Ow

the above equation implies that
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(Ap — Ag)g(z) = (1 — k:)/DVu(y) -VI(z—y)dy+C forz € dw,
where the constant C' is given by
C= k- 1)/(9 /D Vu(y) - VI'(z —y)dydo(z) .

From the smoothness of [, Vu(y)-VI'(z—y) dy|s. we conclude that Ap— Ay :
L3(0w) — L%(0w) is compact. Moreover, by using (2.58) and (2.59), we can
prove that

llu = Ullz2(0w) < ClIVullp2(py < C'lgllL20w) 5
for some positive constant C’ independent of g which indicates that Ap — Ag
is bounded. Thus, to prove that Ap — Ay is self-adjoint it suffices to show
that it is symmetric. Consider h € L3(dw) and v and V to be the solutions

of (5.11) and (5.12) corresponding to the Neumann data h. Using integration
by parts we can establish the following identity

m

/&u(AD — Ag)(g)h = —/QV(u —U)-Vo-V)+> (1- ks)/ Vu - Vo

s=1 eBs+zg

— /Q (1 + g}(ks = 1)x(eBs + zs))V(u -U)-V(-V)

+Z(1—ks)/ VU-VV .
s—1 eBs+zg
This gives, as desired, that Ap—Ag : L(0w) — L3(dw) is self-adjoint, positive
(respectively negative) semi-definite, if 0 < ks < 1 (respectively +oo > kg >
1)foralls=1,...,m. O

Next, let N be the solution to

AyN(z,2) =—6, in 12,

ON, 1
E‘Bw - _m )

N (5.13)
E‘B(Z\aw =0,

N(z,z)do(z) =0 forze 2.
Ow

Similarly to (4.4), we can prove without any new difficulties that
(Ap — Ao)(9)(x) = =€y OU (25) M (ks, B)D-N (x, ) + O(e*T)
s=1

uniformly on dw, where the remainder O(¢%*!) is bounded by Ce?*! in the
operator norm of £(LE(0w), L(dw)) and U is the background solution, that
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is, the solution of (5.12). Here £(LZ(0w), L2(dw)) is the set of linear bounded
operators on L3(0w). Define the operator T : L(0w) — LZ(dw) by

m

T(g)=—> 0U(zs)M(ks, Bs)O-N(-, 2) .

s=1

Since U depends linearly on g this operator is linear. Corresponding to Lemma
5.3 the following result can be obtained.

Lemma 5.4 The operator T : L3(0w) — LZ(0w) is compact, self-adjoint,
positive (respectively negative) semi-definite, if 0 < ks < 1 (respectively 400 >
ks>1) foralls=1,....m

Proof. We first observe that T is a finite-dimensional operator and hence,
it is compact. Moreover, to prove that T is self-adjoint it suffices to show
that it is symmetric. Let g and h be in L3(0w) and denote by U and V the
background solutions corresponding to g and h. We have

/8 Z@U 2s)M (ks, By) azﬁ(x,zs)g—‘:(z)da(x)

Ow

:—ZaU 2s)M (ks, By) azﬁ(x,zs)a—v(z)da(x).
a0 ov

But since 3931\7 = —azﬁ we have Awaz]\N/' = 0,0,—, and therefore

d.N (z, zs)g—‘:(x) do(z) = OV (z) .
of2

Consequently,

/ ZaU 2e) M (ky, B)OV (z5) .
Ow

From the symmetry and the positive definiteness of the matrices M (ks, Bs)
established in Theorem 3.6 we infer that T is self-adjoint, positive (respectively
negative) semi-definite, if 0 < ks < 1 (respectively +oco > ks > 1) for all
s=1,....m. O

Introduce now the linear operator G : L2(dw) — R¥™ defined by

Gg = (U (z1),...,0U(2m)) -

Endowing RY™ with the standard Euclidean inner product,

:Zas-bs for a = (a1,...,am),b=(b1,...,bm), as,bs e RY,
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we then obtain

(Gg,a) = ias -OU (2) = /@w <§:a : aﬁ(x,zs))g(x) do(z),

s=1
for arbitrary a = (a1, ..., an) € RY™.
_ Therefore, the adjoint G* : R&™ — [2(dw) is given by G*a = 7" a, -
ON(-, z5).

A characterization of the range of the operator T is obtained in the fol-
lowing lemma due to Briihl, Hanke, and Vogelius [64].

Lemma 5.5 (i) G* is injective;
(i) G is surjective;

(tii) T = G* MG, where

Ma = (M(kl,Bl)al, . .,M(km,Bm)am>,a = (a1,...,am) € R&*™;

(iv) Range(T) = span {ep : 8N(~,ZS),p =1,...,d;s = 1,... ,m}, where
{ep}i_, is an orthonormal basis of R,

Proof.  Suppose that G*a = 0 then the function w(z) = > 7" as - N(z, z,)
solves the Cauchy problem Aw =0 in 2\ U7 {z:},w = dw/dv = 0 on Jw,
and from the uniqueness of a solution to this problem we deduce that w = 0.
The dipole singularity of N(z,zs) at zs implies that

(x — z5)

7 0 asz—z,s=1,....m.
|z — 2]

as -
This proves that as; = 0, and thus assertion (i) holds. (ii) follows from (i)
and the well-known relation between the ranges and the null spaces of adjoint
finite-dimensional operators: Range(G) = Ker(G*)*. Using the above formula
for G and G* it is easy to see that (iii) holds. Now according to (iii), we write
Range(T)) = Range(G*MG) = Range(G*), since M and G are surjective.
This yields (iv). O

Now we present the main tool for the identification of the locations z,.
The following theorem is also due to Briihl, Hanke, and Vogelius [64].

Theorem 5.1. Let e € R\ {0}. A point z € 2 belongs to the set {zs : s =

1,...,m} if and only if e - O.N(-, z)‘ € Range (T).
Ow

Proof. Assume that g, =e- d.N(-,z)| € Range (T). As a consequence

Ow

of (iv), g, may be represented as
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m ~
gze(x) = Zas -0,N(z,z) forz € dw.
s=1

But then by the uniqueness of a solution to the Cauchy problem it follows
that

Zas C0.N(z,2) =e-0.N(z,z) forallze 2\ (UL, {z}U{z}).
s=1
This is only possible if z € {z; : s = 1,...,m}, and so we have established

the necessity of this condition. The sufficiency follows immediately from (iv)
in Lemma 5.5. O
The finite-dimensional self-adjoint operator T' can be decomposed as

dm
T= ZAP”P”; llvpllL2owy = 15
p=1

say with |A1] > |A2| > ... > |Aam| > 0. Let P, : LE(0w) — span {v1,...,v,},
p =1,...,dm, be the orthogonal projector P, = 25:1 vq vy From Theorem
5.1 it follows that

ze{zg:s=1,....m}iff (I — Py)(e-0.N(-,2)|ow) =0,
or equivalently, if we define the angle 0(z) € [0,7/2) by

|| Pam (e - 0N (-, 2)|ow)|| 12 (00)

cotf(z) = = )
H(I — Pdm)(e : azN('7 Z)‘BW)HLZ(&U)

then we have
z€{zs:s=1,...,m} iff cotf(z) = +o0.

On the other hand, since Ap — Ay is self-adjoint and compact operator on
L3(0w) it admits, by the spectral theorem, the following spectral decomposi-

tion
—+oo

Ap = Ao =3 X505 (05)" s Ilpllzacow = 1.
p=1
with [X{] > [X§] > ... > |AG,| > ... >0.Let PS : L§(dw)— span {vf,...,v5},
p=1,2,..., be the orthogonal projector Py = P_ v (vS)*. Standard argu-

g=1 "9 \"q
ments from perturbation theory for linear operators [173] give (after appro-
priate enumeration of A7, p=1,..., dm)
NS =el\, +O0(e™th) forp=1,2,..., (5.14)

where we have set A, = 0 for p > dm, and
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Py = Py +O(e) forp>dm, (5.15)

provided that one makes appropriate choices of eigenvectors vy, and vy, p =
1,...,dm.

Now in view of (5.14) the number m of inclusions may be estimated by
looking for a gap in the set of eigenvalues of Ap — Ag. In order to recover the
locations zs,s = 1,...,m, one can estimate, using (5.15), the cot 6(z) by

||y (e - 0:N (-, 2))|ow)l L2 (o)

cot0,(z) = — .
! (I = PS)(e- 0N (-, 2)|ow)|| 12(00)

If one plots cot 4., (2) as a function of z, we may see large values for z which
are close to the positions zs. The viability of this direct approach has been doc-
umented by several numerical examples in [64]. In particular, its good ability
to efficiently locate a high number of inclusions has been clearly demonstrated.

When comparing the different methods that have been designed for imag-
ing small inclusions, it is fair to point out that the variational method and the
sampling linear approach use “many boundary measurements”. In contrast,
the constant current projection algorithm, the quadratic algorithm, and the
least-squares algorithm only rely on “single measurements” and not surpris-
ingly, they are more limited in their abilities to effectively locate a higher
number of small inclusions.

5.6 Lipschitz-Continuous Dependence and Moments
Estimations

5.6.1 Lipschitz-Continuous Dependence

We now prove a Lipschitz-continuous dependence of the location and relative
size of two sets of inclusions on the difference in the boundary voltage poten-
tials corresponding to a fixed current distribution. This explains the practical
success of various numerical algorithms to detect the location and size of un-
known small inclusions.

Consider two arbitrary collections of inclusions

D =U",(eps B+ z,) and D' = U™, (ep’. B + 21)

both satisfying (5.10). The parameter € determines the common length scale of
the inclusions and the parameters ps,0 < ¢y < ps < Cp, for some constant Cp,
determine their relative size. We suppose that all the inclusions have the same
known conductivity 0 < k # 1 < +o0o. Let u and «’ denote the corresponding
voltage potentials (with fixed boundary current g € LZ(9£2)). It is crucial
to assume that VU (x) # 0,V x € {2, where U is the background solution.
Introduce H|[g] = —Sng + Dou and H'[g] = —Sng + Dou’.
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By iterating the asymptotic formula (5.8) we arrive at the following ex-
pansions:

m d d (eps)|i\+|j|+d72 ) )
Higllz) ==>_ > Y T(a’U)(zs)aiF(x—zs)Mij(k,B)
s=11i|=1]j|=1 o
+ O(2%),
m’ o d o d o |ilid-2 ‘
gl ==Y 30 3 P @ U)o e — )ik B
s=1 |i|=1 |j|=1 e
+ O ezd)

(5.16)

The following theorem, due to Friedman and Vogelius [123], shows that for

small € the locations of the inclusions, zs, and their relative size, ps, depend

Lipschitz-continuous on e~%||H[g] — H'[g]|| = (s) for any C?-closed surface (or
curve in IR?) S enclosing the domain £2.

Theorem 5.6 Let S be a C%-closed surface (or curve in IR?) enclosing the
domain (2. There exist constants 0 < €g,dp, and C such that if € < €y and
|| H[g] — H'[g)l|L=(s) < do then

(i) m =m’, and, after appropriate reordering,

(i) |zs = 2z + [ps — pi| < C(ele[Q} — H'[g]l|L>=(s) +6>-

The constants €y, 09 and C depend on ¢y, Cy, §2,S, B, k but are otherwise in-
dependent of the two sets of inclusions.

Proof. From (5.16) we get

’

= (H[g} (z) H'[g]<x>) _ [Z@;)d(am(z;)azr(x )Mk, B)

s=1
m

S () HOU) ()0 T — 2) Mk, B)} 100,

s=1

for all z € S. Suppose now the assertion m = m/ is not true. Then there exists
a function of the form F(z) = Z:";l 0T (x—2zl) o, =37 0.1 (x — 24) - s,
with o, # 0 and a5 # 0, such that F(z) = 0 for all x € S. To see that o/,
as well as a, are not zero we use the fact that VU never vanishes and that
the polarization tensor M (k, B) is invertible. Let (2’ denote the region outside
S. From the uniqueness of a solution to AF =0in 2';F =0on S, F(z) =
O(|z|~4*1) as |z| — +oo, it follows that OF/0v = 0 on S. But F is also
harmonic in IR? \ ({2} U {z.}). From the uniqueness of a solution to the
Cauchy problem for the Laplacian we then conclude that FF = 0 in RY. This
contradicts the fact that m # m/.
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When it comes to proving (ii) suppose for simplicity that U(z) = 21 —
(1/10192]) [, U (corresponding to the boundary current g = v1). Then

m

e—d(H[g](:c) - H’[g}(x)) =D {(p;)dazf(ﬂﬁ %)

s=1

(5.17)
(00T zs>] (M (k. B)), + 0(c)

for all z € S, where (M (k, B)); is the first column of the matrix M (k, B). A
simple calculation shows that, for some ps and Zg,

S (0. = ) — (0 0.0 — 20| (k. B

=3 [dlel = R 0.0 e — 20 + L — 20 020G — )] A1 B
s=1
S (PEETRYYA)
s=1
> [daps (73)* 70, T (x — 2) + plozs - 021 (x —z—s)} (M(k,B)); ,
s=1
where ,
aps _ (ps - ps)
o (R )
and ,
azs — (Zs - ZS)

s ( T —p;|)

Suppose the estimate (ii) is not true. Then there exist perturbations dps and
Dzs with 37" |0ps| + |0zs] = 1, points zs (= 2z, = Z;), and parameters
ps(= pi = Ps) so that

m

G(z) = Z |:d(9ps (Ps)d_lazr(x —2) "‘Psazs (931—'(1‘ - 28)] (M(k,B))1 =

s=1

for all z € S. Just as was the case with F, the function G has a vanishing
normal derivative on S and it is harmonic except at the points {z;} and {z.}.
Therefore, by the unique continuation property of harmonic functions, G = 0
and thus, dps = 0zs = 0,s = 1,...m. This, however, would be a contradiction
to the fact that Y-, [0ps|+|0zs| = 1. We therefore conclude that the desired
Lipschitz-continuous dependence estimate holds. O

The factor €% in front of ||[H[g] — H'[g]|| 1 (s) is best possible; it follows
immediately from (5.16) that even |z; — 2| and |ps — p| are of order 1 then
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|H[g] — H'[g])||>(s) is of order €. The use of the L>-norm of H|[g] — H'[g]
on S is not essential; in fact other norms, such as the L'-norm, can be used.
In the two-dimensional case, the results in Theorem 5.6 have some sim-
ilarity to the results about the location of poles for meromorphic functions,
found in [204]. The idea is quite simple. Suppose d = 2 then (5.17) reads

(H[g]cv) - H'[g]<x>) = LS T i, By,

|z — 2

Identifying IR? with € yields

’
m ’ m

(i - wldl)) = R( 3% - Y ) vo.

s=1 s s=1

for all z € S, where the constants oy = —(1/2m)p2((M (k, B))11+i(M (k, B))12)
and o, = —(1/2m)(p")2((M(k, B))11+i(M (k, B))12) are of order 1. Therefore,

’

iZl T i S = (Hlio) - o))

sie [* 2 (Hllw) - Hl0w)) dot) + 000

for some complex constant a € S. Here

/j % (H[g](y) - H'[g] (y)> do(y)

is the harmonic conjugate to Hlg](x) — H'[g](x) and satisfies

I / o (H[guy) - H'[g]<y>) do(y)llz=(s) < CIHIg) = H'lgllz(s)

for some constant C' independent of €. Since the poles {z;} and {z.} are well
separated and the pole residues {p;} and {p.} are well bounded from zero
then it follows from Theorem 1 in [204] that (i) and (ii) in Theorem 5.6 hold.

5.6.2 Moments Estimations
Consider a collection of inclusions

D =Ul (eBs + z5) s
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satisfying (5.10). Our goal is to obtain upper and lower bounds on the mo-
ments of the unknown inclusions Bs. Observe that Z|di\:1 0'U(zs)x" is a har-

monic polynomial. Let S be a C2-closed surface (or curve in ]Rz) enclosing the
domain 2. From

mo AL illid-2 .
H[g}(a?):—z Z Z o (0'U)(24)0L 1 (x — 25) M +0(Hon S,

4!
=== 7

where g = U /Ov, we compute by Green’s formula

d_ clil+lil+d—2 ‘
—— 50U (2,) M550°U () + O(*?) .
2!

Then, as a direct consequence of Theorem 3.9, the following moments
estimations hold. Note that, in general, they are only meaningful if the con-
ductivities {ks}7 ; and the locations {z5}7, are known.

Theorem 5.7 We have

0
2—d _
/S(_@VHMU H[g]g) do
d ‘ 2
~ % ‘kS 1| ei 7 (2
NZ ks—'_l st Z /L‘aU(ZS)I dx
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Suppose that an elastic medium occupies a bounded domain 2 in R¢ with
a connected Lipschitz boundary 92. Let Cjjui, i,5,k,1 = 1,...,d, be the
elasticity tensor of {2, which is piecewise constant. Then by the generalized
Hooke’s law, the displacement vector u caused by the traction g applied on the
boundary 0f2 is the solution to the following transmission problem associated
to the system of elastostatics with the traction boundary condition:

d
8 8uk .
2 mEE) =0 nQ, i=1,....d,
j;:_l a$j< I 53?1) o !
ou

7

on

If (2 is an isotropic elastic material and contains isotropic inclusions D =
UTL, Ds, the elasticity tensor Cjji; takes the following form

Cijii = ()\ x(2\ D) + Z As X(Ds))5ij5kl
s=1

(12N D) + D X(D2)) (Gt + bud)

where x(D) is the characteristic function of D, and (A, u) and (As, us) are
pairs of Lamé constants of 2\ D and D;, respectively, for s =1,...,m.

The problem we consider in this part is to detect unknown inclusions Dy,
s = 1,...,m, by means of a finite number of pairs of traction-displacement
(g, u]an) measured on 9f2. In particular, we are interested in finding diamet-
rically small inclusions Dy, s = 1,...,m. So we assume that each D, takes
the form Dy = eBs + z5,s = 1,...,m, where € is a small number and denotes
the common magnitude of the inclusions, By is a bounded Lipschitz domain,
and z indicates the location of D;.
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Most of the existing algorithms to solve inverse problems for the Lamé
system are iterative and are then based on regularization techniques. See,
for example, [67, 118, 57, 144, 214]. Inspired by Part I, we design efficient
and robust direct (non-iterative) algorithms to reconstruct the location and
certain features of the elastic inclusions Dy.

One medical problem for which knowledge of internal elastic properties
would be useful is breast tumor detection [50, 137]. The elastic properties
are very different for cancerous and normal tissues. A variety of nonclinical
applications of our mathematical model is also possible. These include earth
imaging [141] and nondestructive evaluation of materials [109].

Inclusions of small size are believed to be the starting point of crack de-
velopment in elastic bodies.

A striking example is provided by an aircraft accident due to a fatigue
failure initiated by an inclusion in an engine component. We quote paragraphs
from the website www.irc.bham.ac.uk/themel /plasma/production.htm, since
they describe very well one of the motivations of the present part.

“Imperfection in the metallic structure can lead to a significant reduction in
the performance of a given item, but worse still can be ’inclusion’ or 'defect’ (small
particles of other materials trapped in the metal). Metallic items normally ultimately
fail by cracking and inclusions can act as the starting points for cracks - the larger the
inclusion, the larger the crack and the quicker it will grow. In aerospace applications,
inclusions as small as 1-hundredth of a millimeter are important. To put this in
perspective an inclusion of about 20 millionth of a gramme can lead to failure in a
component a meter long.

Since the early 1980’s, a number of near air disasters have occurred caused by
engine problem traceable to the presence of inclusions. On 19 July 1989, United
Airlines Flight 232, a wide-bodied DC-10, crashed at Sioux City, Iowa, ultimately
resulting in 112 deaths (Randall, 1991). This crash was a direct consequence of a
fatigue failure initiated by the presence of a ’hard alpha’ inclusion in a titanium alloy
engine component. Ensuring the safe performance of such components is therefore of
paramount importance. However, it is not just the aerospace industry which requires
predictable long life from significantly stressed components - in both the medical and
offshore industries, the effects of component failure could be disastrous.”

The main aim of this part is to develop a method to detect the size and
location of an inclusion in an elastic body in a mathematically rigorous way.
We find a complete asymptotic formula of solutions of the linear elastic system
in terms of the size of the inclusion. This formula describes the perturbation
of the solution caused by the presence of an anomaly (inclusion) of small size.
Based on this asymptotic expansion we derive formulae to find the location
and the order of magnitude of the elastic inclusion with high accuracy. The
formulae are explicit and can be easily implemented numerically. The general
approach we will take is parallel to that in Part I except for some technical
difficulties due to the fact that we are dealing with a system, not a single
equation, and the equations inside and outside the inclusion are different.
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In the course of deriving the asymptotic formula, we introduce the concepts
of elastic moment tensors (EMT) and prove some of their basic properties.
These concepts are defined in a way analogous to the GPT’s. The first-order
EMT was introduced by Maz’ya and Nazarov [202].

The main body of this part is from [23] and [166].
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Transmission Problem for Elastostatics

In this chapter we review some well-known results on the solvability and layer
potentials for the Lamé system, mostly from [93] and [111], and prove a rep-
resentation formula for solutions of the Lamé system which will be our main
tool in later chapters.

6.1 Layer Potentials for the Lamé System

Let D be a bounded Lipschitz domain in IR, d = 2,3, and (), ) be the Lamé
constants for D satisfying

p>0 and dA+2u>0.

See Kupradze [189]. The elastostatic system corresponding to the Lamé con-
stants A, p is defined by

Lypu:=pAu+ A+ p)VV-u.
The corresponding conormal derivative du/dv on 0D is defined to be

% = AV -u)N + pu(Va+ Vu')N on aD, (6.1)

where N is the outward unit normal to 9D and the superscript T denotes the
transpose of a matrix. Let us note a simple, but important relation.

Lemma 6.1 Ifue W42(D) and Ly ,u= 0 in D, then for all v € W2(D),
/ V- —dor_/ AV -u)(V-v)+ g(Vu+VuT)-(Vv+VvT)dx, (6.2)
oD

where for d x d matrices a = (aij) and b= (by;), a-b= 3., a;bi;.

H. Ammari and H. Kang: LNM 1846, pp. 109-127, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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Proof. By the definition (6.1) of the conormal derivative, we get

/v-@do:/ MV -u)v:N+pv- (Vu+ Vul)Ndo
op  Ov oD

_ / AV - (V- )v) + 4V - (Vu+ V' )v) de .
D
Since
T 1 T T
V-((Vu+Vu )V> :V(V~u)-v—|—Au~v+§(Vu—|—Vu ) (Vv+ Vv,

we obtain (6.2) and the proof is complete. 0O

We give now a fundamental solution to the Lamé system Ly , in R

Lemma 6.2 A fundamental solution T' = (Fij)gjzl to the Lamé system Ly,
is given by

825 e
Lii(z) == e e x #0,

A B z;x;
51 — 2 g =2
27'('6] Og|l’| It |l’|2 Zf i

where

1/1 1 1/1 1
A==-(= d B==-|-—-———]. 6.3
2(u+2u+>\) " 2(# 2u+>\> (63)

The function T' is known as the Kelvin matriz of fundamental solutions.

Proof. We seek a solution I' = (Fij)ijzl of
AT + A+ p)VV - T = §ol; in R, (6.4)

where 1,4 is the d x d identity matrix and J is the Dirac function at 0. Taking
the divergence of (6.4), we have

A+ 20 AV - T) = V5, .

Thus by Lemma 2.2
1
= v
A+ 2u

where I" is given by (2.4). Inserting this into (6.4) gives

Vv.-T

)

A1
A+2u

UAT = 8o Iy — vV

Hence it follows that
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A 62’]’ B Tilj

ol amr T

™ ™

Lij(z) = A Bz, x #0,
—0;;1 - == ifd=2,

21 o] 2m |x|? !

modulo constants, where A and B are given by (6.3). O
The single and double layer potentials of the density function ¢ on D
associated with the Lamé parameters (), 1) are defined by

Spep(z) ==/ T'(z —y)p(y)do(y), =R, (6.5)
Doila) i~ | 0 P ye(y)doly), zeRNID,  (66)

where 0/0v denotes the conormal derivative defined in (6.1). Thus, for m =
1,....d,

Pop@)n = [ AT = e)- N
(G2 + TG (e = )N () do)

Here we used the Einstein convention for summation notation. As an immedi-
ate consequence of (6.2) we obtain the following lemma which can be proved
in the same way as the Green’s representation (2.7) of harmonic functions.

Lemma 6.3 Ifue W"%(D) and L, ,u =0 in D, then

u(x) = Dp(ulop)(z) — Sp (%Lﬂ)) (x), zeD, (6.7)
and 5
Dp(ulop) (@) - Sp (a_l:|0D> ())=0, zeRN\D.  (63)

As before, let u|; and u|_ denote the limits from outside D and inside D,
respectively.
The following theorems are due to Dahlberg, Kenig, and Verchota [93].

Theorem 6.4 (Jump formula, [93]) Let D be a bounded Lipschitz domain
in RY,d =2 or 3. For ¢ € L*(dD)

1
Dppl+ = (:F§I—|—ICD)§0 a.e. on 0D | (6.9)
d 1 .
%Spgou = (:I:EI—FICD)QD a.e. on 0D | (6.10)

where Kp is defined by
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0
Kpp(x) := p.v./ —T(z—y)ply)do(y) a.e xz€dD,
and K%, is the adjoint operator of Kp on L*(0D), that is,
. 0
Kpe(x) == p.v./ a—I‘(x —y)p(y)do(y) ae xz€ID.
oD OVz

It must be emphasized that, in contrast to the corresponding singular inte-
gral operators defined in (2.14) and (2.15) that arise when studying Laplace’s
equation, the singular integral operators Kp and K7, are not compact, even
on bounded C*-domains [93].

Let ¥ be the vector space of all linear solutions of the equation £, ,u =0
and du/dv = 0 on 9D, or alternatively,

Ep::{’lﬁ:aﬂ/}j"‘rajd}iza lgimjgd}‘

Observe now that the space ¥ is defined independently of the Lamé constants
A, v and its dimension is 3 if d = 2 and 6 if d = 3. Define

L@(&D)::{feﬁ(ap): f.wda=0forau¢ew}.

oD

In particular, since ¥ contains constant functions, we get

/ fdo=0
oD

for any f € L2(9D). The following fact, which immediately follows from (6.2),
is useful in later sections.

If u e Wh3(D) satisfies £ ,u =0 in D, then g—u € L2(0D) . (6.11)
Vlep

One of fundamental results in the theory of linear elasticity using layer
potentials is the following invertibility result.

Theorem 6.5 ([93]) The operator Kp is bounded on L*(0D), and —(1/2) I+
K% and (1/2) I + K3, are invertible on L2,(0D) and L*(dD), respectively.

As a consequence of (6.10) and Theorem 6.5, we obtain the following result.

Corollary 6.6 ([93]) For a given g € L% (D), the function u € Wh2(D)
defined by

1
u(z) = Sp(=51 + Kp)'g (6.12)
is a solution to the problem

Ly,u=0 inD,

Oou (6.13)
%bD =8, (u|3D € LQlI/(aD)) .
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If p € ¥ and z € R?\ D, it follows from (6.2) that Dpp(z) = 0. Hence
we obtain from (6.9) that (—(1/2) I + Kp)tp = 0. Since the dimension of the
orthogonal complement of the range of the operator —(1/2) I + K7, is less
than 3 if d = 2 and 6 if d = 3, which is the dimension of the space ¥, we have
the following corollary.

Corollary 6.7 The null space of —(1/2) I+ Kp on L*(0D) is W.

The following formulation of Korn’s inequality will be of use to us. See
Necas [223] and Ciarlet [85] (Theorem 6.3.4).

Lemma 6.8 Let D be a bounded Lipschitz domain in RY. Consider functions
ue Wh%(D) so that

/ (u-i/}+Vu~Vz/J> =0 foralyew.
D

Then there is a constant C' depending only on the Lipschitz character of D so
that

/ <u2 + Vu|2> dx < C’/ |Vu 4 Vul | de . (6.14)
D D

6.2 Kelvin Matrix Under Unitary Transforms

Unlike the fundamental solution to the Laplacian, the fundamental solution
T to £y, is not invariant under unitary transforms. In this section we find
formulae for I' and the single layer potential under unitary transforms.

Lemma 6.9 Let R be a unitary transform on IRY. Then,

(i) Lxu(R'(uoR)) =R YLy, u)oR,

(ii) (%) oR= R% (Rl(u o R)) .

Proof. Since, for a vector u and a scalar function f,
(V-u)oR=V" (R_l(uoR)> ,
R\(Vf)oR=V(foR),
we have that
LR o R)) = WA(R (o R) + O VY- (R (we R)

= pR™Y(A(uo R)) + (A +p)V((V-u)o R))
=pR((Au)o R)) + A+ p)R"H(VV-u)oR
=R Ly u)oR,
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which proves (i).
To prove (ii), note first that if N7 and N3 are the unit normals to D and
OR(D), then Ny(R(z)) = R(N1(x)) for x € dD. Therefore, we have

@
= AV - (R *(uoR))RN + uR(R™(Vu)o R+ R~ *(Vu)” o R)RN
=\V .- (R *(uoR))RN + uR(V(uo R)R+ (V(uo R)'R)N

= AV - (R Y(uoR))RN + pR(V(R Y(uoR)) + (V(R (uo R))T)N

JoR=AV -uoR)NoR+u((Vu)oR+ (Vu)" oR)No R

9,
= R (R (o R)) ,

and thus (ii) is proved. O

Lemma 6.10 Suppose that L ,u =0 in RY. If, in addition, u is bounded for
d = 2 and behaves like O(|z|™1) as |x| — oo for d = 3, and Vu = O(|z|'~%)
as |x| — oo, then u = constant if d=2 and u =0 if d = 3.

Proof. Let B, be a ball of radius r centered at 0. Then by (6.7),

u(z) = Dp, (ulop,)(z) - SB, (%\33) (), z€B,.

By (6.11), du/dv € L% (0B,), which, in particular, shows that
/ @ do=0.
9B, al/

Thus we have 1
Vu(z) =0(=) asr — +oo,
T

provided that x is in a bounded set. This immediately implies that u is con-
stant and ends the proof. O

Lemma 6.11 (Rotation Formula)
[(R(z)) = RT(z)R™!, z e R (6.15)
Proof. Tt follows from Lemma 6.9 (i) that
Lyu(R T oR))(z) =R (Lxu ) (R(x)) = do(R(x))R™ = do(x)R™ .

Consequently,

Lyu(R"YToR)—TR™) =0 inR".
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Observe that R~}(ToR)—T R~ is bounded if d = 2 and behaves like O(|z|~!)
as || — oo if d = 3. Moreover,

V(R'ToR)-TR ) (z) =O(|z|'"%) as|z| — 0.
It then follows from Lemma 6.10 that
R Y (T'oR) — TR ! = constant,

which is obviously zero. 0O

As a consequence of (6.15) we obtain the following rotation formula for
the single layer potential.

Lemma 6.12 Let D be a bounded domain in R and D = R(ﬁ) Then for
any vector potential ¢ € L?(0D), we have

(Spe)(R(x)) = RSp(R™! (¢ o R))(x) (6.16)
a(giw) (R()) = R%SB(R”(VJ o R))(x) . (6.17)

Proof.  Using (6.15) we compute
(Spe)(R(x)) = /8 T(R() - y)ely) doly)
- / T(R(z) - Ry)p(R(y)) do(y)
oD

_R / T - )R p(R(y)) do(y)
oD
= RSp(R™'(p o R))(x),

which proves (6.16).
Applying Lemma 6.9 (ii), we arrive at

0

S (S0@)(R() = Ry

5 (Rl(SDSO) o R> (z) .

Then (6.17) follows from (6.16) and the above identity. This completes the
proof. O

6.3 Transmission Problem

We suppose that the elastic medium (2 contains a single inclusion D which is
also a bounded Lipschitz domain. Let the constants (A, ;1) denote the back-
ground Lamé coefficients, that are the elastic parameters in the absence of
any inclusions. Suppose that D has the pair of Lamé constants (A, r) which is



116 6 Transmission Problem for Elastostatics

different from that of the background elastic body, (), ). It is always assumed
that _
w>0, dr+24>0, p>0 and dA+2p>0. (6.18)

We also assume that
O-Du-m 20, (=32 + - ? £0)

We consider the transmission problem

d

3 9 (Cijkl%> —0 Q2 i=1,...,d,
4~ Oz, Ox;
3rk,l=1 (6.19)
fu) g
W lag ’
where the elasticity tensor is given by
Cipt = (AX(2\ D) + Xx(D) )8y
(6.20)

+ (1 x(2\ D)+ EX(D) ) (G + S -

In order to ensure existence and uniqueness of the solution to (6.19), we
assume that g € LZ(012) and seek for a solution u € WhH%(§2) such that
ulpn € LZ(092). The problem (6.19) is understood in a weak sense, namely,
for any ¢ € W12(£2) the following equality holds:

ouy, 0 iy
Z /Czjk:l b 90 —/ gcpda
i,k 1=1 062

Let L5 ; and 0/0V be the Lamé system and the conormal derivative asso-

ciated with (X, i), respectively. Then for any ¢ € C§°(£2), we compute

Ouy, Op;
Z /Czﬂcl k2P

4,7,k =1

= / S AVu)(Vep) + g(Vu +vul) . (Ve + V) de
O\D

+/ MV -u)(V-p)+ g(Vu +vul) - (Ve + Vel)d
D

0
_E'(Pd0-7

~pdo — /E ~u-pdr+
oD 81/

=— 7£,\,Mu-<pdx—/

2\D ap oV

where the last equality follows from (6.2). Thus (6.19) is equivalent to the
following problem:
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E)\V#II:O inQ\E,
Lyu=0 inD,

uL = u’+ on D

ou ou (6.21)
—_— = — on 3D 3

ov|_ ov "

Jdu

%|892g’ <u|ag EL%(@Q)) .

We denote by Sp and Sp the single layer potentials on 9D corresponding
to the Lamé constants (A, u) and (A, i), respectively.

We use the following solvability theorem due to Escauriaza and Seo (The-
orem 4, [111]).

Theorem 6.13 Suppose that (A — X)(,u —n)>0and 0 < M7 < oo. For
any given (F,G) € W2(0D) x L*(dD), there exists a unique pair (f,g) €
L?(0D) x L?(0D) such that

§Df|_ _SDg|+ =F ondD,

0 ~ 0
8—,178Df — ESDg

(6.22)
=G ondD,

+

and there exists a constant C depending only on X\, u, X, I, and the Lipschitz
character of D such that

Ifll 2200y + llgllz2(ap) < C(|F||W12(6D) + ||G|L2(aD)> . (6.23)
Moreover, if G € L% (D), then g € L% (D).

Proof.  The unique solvability of the integral equation (6.22) was proved
in [111]. By (6.11), 0Spf/o¥|_ € L2(dD). Thus if G € L2(dD), then
dSpg/ov|+ € L2 (0D). Since

0

0
g = %SDg“* - %SDg\— ,

by (6.10) and 8Spg/dv|_ € L2 (9D), we conclude that g € L2 (0D). O
Lemma 6.14 Let ¢ € U. If the pair (f,g) € L*(0D)x L% (D) is the solution

of N
Spf|_ —SDg|Jr =¢lop ,
9 ~ 9 (6.24)
950t - ZLspgl =0
o E ] N

then g = 0.
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Proof. Define u by

Spg(x), zeR\D,
u(z) =< =
Spf(z) —p(x), xze€D.
Since g € Ly, (0D), then [, gdo =0, and hence
Spg(x) = O(lz['~%) as [x| — oo

Therefore u is the unique solution of

Ly,u=0 inR'\D,
E;\ﬁu:O in D,

];‘_,’_ = u\é on 0D 5 (625)
u u
5|+:%|_ Onal)7

u(z) = O(|z|'~%) as |z| — oo

Since the trivial solution is the unique solution to (6.25), we see that Spg(z) =
0 for € R?\ D. It then follows that £, ,Spg(z) = 0 for + € D and
Spg(x) =0 for z € 9D. Thus Spg(x) =0 for = € D. Using the fact that

& o 't ov '’

we conclude that g =0. O

We now prove a representation theorem for the solution of the transmission
problem (6.21) which will be the main ingredient in deriving the asymptotic
expansions in Chap. 8.

Theorem 6.15 There exists a unique pair (p,) € L*(0D) x L2,(0D) such
that the solution u of (6.21) is represented by

wtoy = [HE@ +Spp(), w€ 2\ D, 620
SDSD(I) y TE D )
where H is defined by
H(z) = Do(ulon)(z) — So(g)(z) , =€ R\ 002. (6.27)
In fact, the pair (p,) is the unique solution in L?(0D) x L2,(0D) of
§D¢’7_8D¢’+:H‘8D on 8D,
8 ~ (6.28)

0 OH
8_'JSD(P‘_$SD¢’+_E‘6D on 0D .



6.3 Transmission Problem 119

There exists C such that
lell2op) + ¥l z20p) < ClHllw2 D) - (6.29)

For each integer n there exists C,, depending only on co and A, pu (not on X, i)
such that

[Hllcn(5) < Crllgllrzon) - (6.30)

Moreover,
H(z) = -Sp(z), zeR\12. (6.31)

Proof. Let ¢ and 1) be the unique solutions of (6.28). Then clearly u defined
by (6.26) satisfies the transmission condition (the third and fourth conditions
in (6.21)). By (6.11), 0H/dv|gp € L2(0D). Thus by Theorem 6.13, ¢ €
L2(dD).

We now prove that Ou/dv|sp = g. To this end we consider the following
two phases transmission problem:

Ly,u=0 in(2\D)U(R*\ ),
E;\,ﬁu =0 inD,
ou

ou
u/_ =ul, and %L:%L on 0D , (6.32)
Ju Ju
ul- —u|x =f and %L—Ehzg on 012,

[elfu(@)] + |2*|Vu(z)] < C as |z — o0,
where f = u|gg. If v.€ W2(£2) is the solution of (6.21), then Uy, defined by

v(z), ze,
Ui(e) = {0 re R\ 0

is a solution of (6.32). On the other hand, it can be easily seen from the jump
relations of the layer potentials, (6.9) and (6.10), that Uy defined by

Un(a) = ~S0(g)(2) + Do(ulpe)(x) + Sp(z), xeR*\(DUIN),
T gD‘P(I), x €D,

is also a solution of (6.32). Thus Uy —Us is a solution of (6.32) with f = 0 and
g = 0. Moreover, U; — Uy € WLZ(IRd) and therefore, U; — Uy = 0, which
implies, in particular, that du/dv|pg = g. Indeed, Uy(z) = 0 for z € R\ 2
and hence (6.31) has been verified.

Now it remains to prove (6.30). Let

Q2 = {x € 2 dist(z,002) > co}
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so that D is compactly contained in {2’. Then by an identity of Rellich type
available for general constant coefficient systems (see Lemma 1.14 (i) of [93])
there exists a constant C' such that

IVl o0 < C(H%HLZ(@Q) ; ||Vu||Lz<mQ/>) . (6.33)

It then follows from the Korn’s inequality (6.14) and the divergence theorem
that

IVullL2(\@) < ClIVa+ Vu || 2 o\

<[ (@D +3uD)) 7wl
1

+5 <[L x(2\ D) + ﬁX(D)> Vu + Vu® [*dx

SC’/ U'@d()',
a0 ov

where the constants, generically denoted by C, do not depend on X, 1. Further,
by (6.33) and the Poincaré inequality (2.1),

[ullz200) < ClIVul|L200)

< C(||gHL2(BQ) + HgHL2(89)||u||L2(6Q)) ,

and hence

ullz200) < Cllgllz250) - (6.34)
Clearly the desired estimate (6.30) immediately follows from the definition of
H and (6.34) and the proof is complete. O

We now derive a representation for u in terms of the background solution.
Let N(z,y) be the Neumann function for £y , in {2 corresponding to a Dirac
mass at y. That is, N is the solution to

L uN(z,y) = —0y(z)Ig in £,
ON 1 I

- =—m5dd

W |9q |0£2|

N(-,y) € L3(002) for each y € 2,

(6.35)

where the differentiations act on the z-variables, and I is the d x d identity
matrix.

For g € L2,(942), define

U(x) := o N(z,y)g(y)do(y), =z=€ . (6.36)
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Then U is the solution to (6.13) with D replaced by 2. On the other hand,
by (6.12), the solution to (6.13) is given by

1 -1
U(z) := SQ( - 5[ + /CB) g(z) .
Thus we have

N(e,)g(s) doty) = [ Tlo = u)(~31 +K) el doly)
o0 o0

or equivalently,

N(fcyy)(—%f +K5)g(y) do(y) = / Iz —y)gy)do(y), =€,

210 a0

for any g € L2 (942). Consequently, it follows that, for any simply connected
Lipschitz domain D compactly contained in 2 and for any g € L2 (9D), the
following identity holds:

oD

| (=51 +Ka)(N,)@lgw)dotw) = | T, (@ely) doty)
oD

for all z € 9f2. The following lemma has been proved.

Lemma 6.16 Fory € 2 and x € 92, let T'y(x) := T'(x — y) and Ny(z) :=
N(z,y). Then

< - %I + /CQ) (Ny)(z) =Ty(z) modulo ¥ . (6.37)

We fix one more notation. Let

Npf(z) := - N(z,y)f(y)do(y), =z€ .

Theorem 6.17 Let u be the solution to (6.21) and U the background solu-
tion, i.e., the solution to (6.13). Then the following holds:

u(z) =U(z) — Np¥(z), =€, (6.38)

where 1 is defined by (6.28).
Proof. By substituting (6.26) into the equation (6.27), we obtain
H(s) = ~Sa(e)(e) + Do (Hon + (Sow)lon ) (2) o€ 2.

It then follows from (6.9) that
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(57~ Ke)(Hlon) = ~(Sog)lon + (5T + Ke)(Spw)lan) on 02 (6.39)
Since U(z) = =Sn(g)(z) + Do (Ulsn)(z) for all z € 2, we have
(%I - Ka)(Ulae) = —(Seg)lsq - (6.40)

By Theorem 6.13, it follows from (6.37) that

(5T + Ka)(Nolon)(w) = (Spw)a) , we a2, (641)

since ¥ € L2,(0D). From (6.39), (6.40), and (6.41), we conclude that

1 1
(51 = Ka) (Hlow = Uloo + (51 + Ka)(Np)lon)) =0 on 02,

and hence, by Corollary 6.7, we obtain that

Hlo — Ulao + (31 + Ko) (Now)lac) € ¥
Note that
(%H— Ko)(Np¥)loe) = (Np¥)log + (Sptp)|og .
which comes from (6.37). Thus we see from (6.26) that
ulsn = Ulsnp — (Np¥)|sn modulo ¥ . (6.42)

Since all the functions entering in (6.42) belong to L2 (92), we have (6.38).
This completes the proof. 0O

We have a similar representation for solutions of the Dirichlet problem. Let
G(z,y) be the Green’s function for the Dirichlet problem, i.e., the solution to

L, G(z,y) = —=by(x)lg in 2,
G(z,y) =0, z €09 foreachyecdf.

Then, the function V, for f € W%(942), defined by
2

0
Vo)== [ G o).
a0 Oy
is the solution of the problem
{cwv =0 in 2,
V|a_Q =f1.

We have the following theorem.
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Theorem 6.18 We have

1 wr1, O 0
(§I+ICQ) (arz)(x) = an(x) , x€ON, z€ 1.

Moreover, let u be the solution of (6.21) with the Neumann condition on OS2
replaced by the Dirichlet condition ulpn = £ € W3(0£2). Then the following
2

identity holds:

ou,, oV
8Vx v

where 1 is defined in (6.26) and

(z) — Gpy(x), z€dn,

Gowia)i= [ 9 Gla,y)ply) doly) .

8D ov
Theorem 6.18 can be proved in the same way as Theorem 6.17. In fact, it
is simpler because of the solvability of the Dirichlet problem, or equivalently,
the invertibility of (1/2) I + K}, on L?*(9£2). So we omit the proof.

6.4 Complex Representation of Displacement Vectors

This section is devoted to a representation of the solution to (6.19) by a pair of
holomorphic functions in the two-dimensional case. The results of this section
will be used to compute the elastic moment tensors in Chap. 7.

The following theorem is from [216]. We include a proof of the theorem
for the readers’ sake.

Theorem 6.19 Suppose that {2 is a simply connected domain in R? (bounded
or unbounded) with the Lamé constants A, p and let u = (u,v) € W13 (£) be
a solution of Lx ,u =0 in 2. Then there are holomorphic functions ¢ and v
in {2 such that

. A+ 3u
kK =

2u(u+iv)(z) = kp(z) — 29/ (2) —Y(z) , N z=x+1iy. (6.43)

Moreover, the conormal derivative du/Ov is represented as
((%:) ) T (%)J do = —i0 {@(2) +2¢'(2) +9(2)| (6.44)

where do is the line element of 082 and 0 = (0/0x) dx + (0/0y) dy. Here 012

is positively oriented.

Proof. Let 8 :=V -u and
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0 0 0 0
X::)\9+2ua—z, Y::)\¢9+2ua—:, Z:_ﬂ<£+8_5)1'

Then we can see by elementary calculation that the equation £y ,u = 0 is

equivalent to
ox 07 0z oYy

o Ty oy
Thus there are two functions A and B such that

0 and 0. (6.45)
VB=(-2,X) and VA=(Y,-2).

In particular, 9A4/0y = OB/dx and hence there is a function? U such that
VU = (A, B). Thus,

0*U 0*U 02U
x=22 yv=-22 z-_ : 4
oy?’ 0x2 "’ 0xdy (6.46)

By taking the z-derivative of the first component of £ ,u and the y-derivative
of the second, we can see that

) )
5 (Au) + 5 (Av) = 0.

It then follows that

AX+Y)=2A+p) {%(Au) + %(Av)] =0.

Thus U is biharmonic, namely, AAU = 0. In short, we proved that there is a

biharmonic function U such that
)\9+2@782U @782U @4_@ 7_32U
oz = oy?’ oy 02 A\ oy)  0xdy’

A+ 241 (6.47)

We claim that there exist two holomorphic functions in {2, ¢ and f, such
that

2U(z) = zp(2) + zp(2) + f(2) + f(2), ze€ 2. (6.48)
In fact, let P := AU. Then P is harmonic in (2. Let () be a harmonic conjugate
of P so that P + i@ is holomorphic in {2. Such a function exists since {2 is
simply connected. Let ¢ = p + ig be a holomorphic function in (2 so that
4¢'(z) = P(z) +iQ(z). Then,

9 _1p

dp 1

— =—Q. 6.49
or 47 Oy 4Q ( )

Then it is easy to see that

! These notations are slightly different from those of [216].
2 This function U is called the stress function or the Airy function.
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AU -R(zp)) =P —Re'(2) =0.
Therefore, there exists a function f holomorphic in {2 such that
U—-R(ze) =Rf(2).

Thus we get (6.48).
Adding the first two equations in (6.47), we get 2(A 4+ p)0 = AU = P. It
then follows from the first equation in (6.47) and (6.49) that

du QU 20\ +2w) dp

22t — .
Pow = 022 " Tatn o

Likewise, we obtain

dv U 20\ +2p)dq

2 =
Foy = "2 " Tatp oy’

and therefore

U 2 +2p)
oU  2(A+2u)

o = — 2 4 LT _

v 9y + pp q+ fa(x)

Substitute these equations into the third equation in (6.47). Then by the
Cauchy—Riemann equation dp/dy = —dq/0x, we get

fily) + fo(x) =0,
which implies that
fily) =ay+b, folz)=—az+c,
for some constants a, b, c. Thus we obtain

ou ou  2(A+2
2u(u + ) (z,y) = ~ 5z —ia—y + ()\%ﬂﬂ)(p+iq) +aly—iz)+b+ic.

It then follows from (6.48) that

)\)\—:_3:@@) —zp(2) + ' (2) —aiz+ b+ ic,

2p(u+ iv)(a,y) =

where ¢(z) = f'(z). By adding constants to ¢ and ¢ to define new ¢ and 1,
we get (6.43).
To prove (6.44) we first observe that
Ou

= <XN1 + ZNy, ZN; + YN2> ,
14
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where N = (N7, Na). Since (—Na, N7) is positively oriented tangential vector
field on 942, we get
—Naods =dx, Nids=dy. (6.50)

It then follows from (6.46) that
du du 02U 02U 02U 02U
Y i (Y Vo= (Sl ay+ L de) —i (S ay+ £ d
((a) o (61/)2) 7 <3y2 Y Bwdy x) ' (&cay A ””)
(v
N Oy ox )
Now (6.44) follows from (6.48). This completes the proof. O

We now prove that a similar theorem holds for the solution to the problem
(6.21).

Theorem 6.20 Suppose d = 2. Let u = (u,v) be the solution of (6.21) and let
u, = u\@\D and u; :=u|p. Then there are functions @. and . holomorphic
in 2\ D and o; and v; holomorphic in D such that

2u(ue +iv.)(2) = kpe(2) — 29L(2) —Ye(2), 2€C\D, (6.51)
20(u; 4 iv;)(2) = Rpi(2) — z05(2) —i(2), z€ D, (6.52)
where ~
A+ 3p -~ A+3u
R = s R=—=".
A+ p A+

Moreover, the following holds on 0D:

o (60 - T - 00 ) = = (Reue) - T ) (659

Pe(2) + 2¢0,(2) + Ye(2) = i(2) + 293(2) + ¢i(2) + ¢, (6.54)
where ¢ 1s a constant.

Proof. By Theorem 6.15, there exists a unique pair (¢,%) € L2(0D) x
L2(dD) such that

u.(r) =H(z) + Spy(zr), 2€2\D,
w;(z) = Spp(z), zeD.

Since £ ,H = 0 in 2 and L5 ﬁgpgo = 0 in D, by Theorem 6.19, H and

gpcp have the desired representation by holomorphic functions. So, in order
to prove (6.51), it suffices to show that there are functions f and g holomorphic
in 2\ D such that
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u|(Spw) + z‘(SDw)z] (2) = kf(z) — 2T 905, =€\ D. (655)
Observe that for i = 1,2,

(Sp)ile) = - /a log |z — y[vs(y) do(y)
Z /@D =22 ) dot)

Hence

2

B [ (z1—y) +ize — ) {(I
27 Jap |z -y

(Sow)-+iSpw)|0) = 51 [ togle =~ ol [ao) + iva(0)] dotw)

y)a(y) + (a2 — y2)¢2(y)] do(y) .

Let z = x1 + 22, ( = y1 + iy2, and ¥ = 9y1 4 12. Then
A
(Sow) +i(Spwe| () = 51 [ 10wz = clui0)ao(o)

o / . _52 {< <>W+Ww<<)} do (¢)

op |2

A B ¥(<)
E log(z = Q) da(¢) — EZ . ﬁ do(¢)

+4—/ oG~ 0 Qdo @O+ 2 [ L9 i) B [ ) dotc) .
T JoD

47 3DZ—< 47 8D

Observe that
A A+3p
B A+p
Then (6.55) follows with f defined by

fe) =g

S |, 10807 = Qu(Q do () (6.56)

and g defined in an obvious way. It should be noted that f defined by (6.56)
is holomorphic outside D. This is because ¥ € L2(9D) which implies that
f op W do =0.

The equation (6.53) is identical to the third equation in (6.21). By the
fourth equation in (6.21) and (6.44), we get

olee() + A + ol >]—a[@1<>+wl<>+wi<> ,

from which (6.54) follows immediately. This finishes the proof. O
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Elastic Moment Tensor

In this chapter, we introduce the notion of an elastic moment tensor (EMT’s)
as was defined in [23] and investigate some important properties of the first-
order EMT such as symmetry and positive-definiteness. We also obtain esti-
mation of its eigenvalues and compute EMT’s associated with ellipses, elliptic
holes, and hard inclusions of elliptic shape.

7.1 Asymptotic Expansion in Free Space

As in the electrostatic case, the elastic moment tensors describe the pertur-
bation of the displacement vector due to the presence of elastic inclusions. To
see this let us consider a transmission problem in the free space.

Let B be a bounded Lipschitz domain in IR?, d = 2,3. Consider the fol-
lowing transmission problem

d

8 8uk . d .
— | Cijri=— | = , 1=1,...,d,
Z oz (C’]kl &El) 0 inIR i (7.1)

Gk, l=1
u(z) —H(z) = O(lz|'™%) as || — o0,

where

Ciji = (A X(R™\ B)+2X X(B))5ij5kl+ (M x(R*\ B) +ﬁX(B)) (k051 +0udjk)

and H is a vector-valued function which satisfies £, ,H = 0 in R% In a
similar way to the proof of Theorem 6.15, we can show that the solution u to
(7.1) is represented as

u@) = {H(x)+831,b(:z:), zeR\B, 72)

Spp(z), z€B,

for a unique pair (¢, 1) € L*(0B) x L2 (0B) which satisfies

H. Ammari and H. Kang: LNM 1846, pp. 129-149, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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Spe|_ - Spy|, =Hlpp ondB,

0 0 OH

a~SB“°’ R Did i v

7.3
on 0B . (7.3)

+
Suppose that the origin 0 € B and expand H in terms of Taylor series to write

H(:z:):( 3 %aaHl(O)xa,..., 3 ia‘IHd(O)xa)

acIN? acIN?
d 1
=> > —O°H;(0)2%; ,
j=1aeNd

where {e; }?:1 is the standard basis for IR?. This series converges uniformly

and absolutely on any compact set. For multi-index a € N and j=1,....d,
let f2 and g/, in L?(0B) be the solution of

Sptl|- — Spgl |y = a%;jlon

0 ~ 0 , d(xe;) (7.4)
O Spfi| - LSpgi| =LE%)

a8 v P8 o, o8

Then, by linearity, we get

d
6= ~oum,0)g). (75)

j=1 acN?

By a Taylor expansion, we have

L(z—y) = Z EﬁﬁI‘( x)y?, yin a compact set, |z| = oco.  (7.6)

BeIN?

Combining (7.2), (7.5), and (7.6) yields the expansion

1530 D ST | veiiot). (1

J=1 aeIN? geIN?
which is valid for all « with |z| > R where R is such that B C Br(0).

Definition 7.1 (Elastic moment tensors) For multi-index o € IN? and
j=1,....d, let fJ, and gJ, in L*(OB) be the solution of (7.4). For 3 € N,
the elastic moment tensor (EMT) Miw 7 = 1,...,d, associated with the

domain B and Lamé parameters (A, 1) for the background and (X, i) for B is
defined by

M§ﬁ=<miﬁl,...,mgﬁd>:/93y & (y) do(y)
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We note the analogy of the EMT with the polarization tensor studied in
Chap. 3. For the cavities in elastic body, Maz’ya and Nazarov introduced
the notion of Pdlya-Szegd tensor in relation to the asymptotic expansion for
energy due to existence of a small hole or cavity [202]. See also [212] and [196].
This tensor is exactly the one defined by (7.4) when |a| =|5| =1 and B is a
cavity.

Theorem 7.2 Let u be the solution of (7.1). Then for all v with |x| > R
where B C Br(0), u has the expansion

d
u@) =H@) + Y. 3 3 %ﬂ!aaﬂj(O)aﬁr(x)Mg;ﬂ. (78)

J=1l]al>1|p|>1

Proof. We first show that if a = 0, then gé =0 for j =1,...,d. For that,
recall that (), g]) is the unique solution to

Spf)l- — Spgll+ = ejlon .

0 5 . d . (7.9)
_ fJ _ J =0.

grorto] — 5,588 . 0

Thus by Lemma 6.14, g} = 0. Note that Z;l:l > lal=t LO*H;(0)gl, is the
solution of the integral equation (7.4) when the right-hand side is given by
the function u := ijl > lal=t LO>H;(0)z*e;. Moreover this function is a
solution of £, ,u = 0 in B and therefore, du/dv|sp € L% (0B). Hence by The-
orem 6.13 we obtain that 2?21 2 lal=t LO"H;(z)gl, € L% (9B). In particular,

we have . 1 |
> aaaHj(z)/ gl (y)do(y) =0 VI.

i 9B

Now (7.8) follows from (7.7). This completes the proof. O

The asymptotic expansion formula (7.8) shows that the perturbation of
the displacement vector in RY due to the presence of an inclusion B are
completely described by the EMT’s M 5

When |a| = |5] = 1, we make a slight change of notations: When a = e;
and B=ep (i,p=1,...,d), put

mz] — m]

oy afq q.j=1,...,d.

So, if we set £ := 7 and g/ := g7, then

Spfl|- — Spglls = ziejlon |

0 ~ . B ; d(xe;) (7.10)
ZSaf| - L Spel| = 2T

ot T TPE| LR
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and
ij Lol
mpq—/ Tpeq - g; do .
OB

Lemma 7.3 Suppose that 0 < X,ﬁ < oo. Forp,q,i,5=1,..

’ O(zpey)  O(zpey)
ij _ _ 9\Tpeq pCq) |
mpq—/aB{ £y + % u|_ do

where u is the unique solution of the transmission problem

Ly,u=0 inR'\B,
E;\ﬁu:O n B,

ulf —ul-=0 ondB,
8—11 —8—13 =0 ondB,
8u+ ov|_

u(z) —zie; = O(jz|' %) as |z| — 0o .

Proof. Note first that u defined by

(@) Spgl(x) + ze;, xR\ B,
ur) = ~ .
Spfi(z), z€B,

is the solution of (7.13). Using (6.10) and (7.10) we compute

(V- ol
My = / Tpeq - g; do
oB

_ J9 6 oi| _ 9 i
_/BB Ea {8V8Bgi|+ 81/SBgi|*} do

- 8(xiej) 8 j 8
——/mgxpeq- £y da_/anPeQ'[angiL_a_;

(7.11)
.d,

(7.12)

(7.13)
ngg ’7:| do

= —/ O(zpeq) -xze; do —/ [L(IP%) -Sng - L(szq) -ggfj} do
OB ’ OB 0 ov '

ov v ¢
_ O(zpey) | O(xpeq)] & j
_/aB[ o+ =] Sofldo

and hence (7.12) is established. 0O

7.2 Properties of EMT’s

In this section we investigate some important properties of the first-order EMT
M = (m;jq) such as symmetry and positive-definiteness. These properties of
EMT’s were first proved in [23]. It is worth mentioning that these properties
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make M an (anisotropic in general) elasticity tensor. We first define a bilinear
form on a domain B corresponding to the Lamé parameters A, i by

(u, v) 5" ::/B [A(vu)(v.v)Jrg(VquVuT)-(VV+VvT) da .

The corresponding quadratic form is defined by
If £ ,u=0, then

Proposition 7.4 Suppose that u # . Given a nonzero symmetric matric
a = (a;;), define pq, fq, and g, by

d d d
Pa = (aij)x = Z aijxjei 5 fa = Z aijf? s 8a = Z aijgg . (714)

i,j=1 i,7=1 i,j=1

Define a by

I, (7.15)

_itpg, Tla), d(X + \) +2(fi + ) Tr(a)
dX =N +2(i—p) d

where I is the d x d identity matriz. Then
<(_1, MCL> = <§Bfa7§Bfa>gﬁ + <SBgaaSBga>?F£5\B + <Soa7 Soa>)§'u . (716)

Recall that (a,b) = 3_,; aijbij for d x d matrices a = (a;;) and b = (bi;).

Proof.  Set, for convenience, ¢ = ¢,, f = f,, and g = g,. Then these
functions clearly satisfy

Spf — Spg = @lop

~ 7.17
9 5t| — Lsue| %] ()
For j = 1,2, define
p1 = {(aij) - Tr(:llij)l}x and g = ﬁ(jij)x . (7.18)
Then ¢ = 1 + @a. Define f; and g;, j = 1,2, by
Spfj — Spgj = @jlon .
%ngj - %Sng ) _ %‘33 . (7.19)
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It is clear that f = f1 +f5 and g = g1 + g2. We now claim that

i+ A+ N) +2(i +
(@ Ma) = © u/ o1 gdo + A+ +2(+p)
oB

fi A = N) +2(5i — p)

/ p2-gdo . (7.20)
= p 9B

In fact, we have

d
= _ = .
(@, Ma) = g ApgM Qi
4,5,p,q=1

/ (Z GpqTpeyq) - (Z aijgg) do .
PB pq ij

But

) o+ dA+ A) + 2(i + p)
Zapqxpeq = ~ ¥2
pq

= +
e T a2 )

and therefore (7.20) holds.
Next, using the jump relation (6.10) and (7.17), we compute that

0 0
/aB s do = /aB #i | 5,508, — 5,08l | do (7.21)
_ N B K _ 9
- /@B % 5, /BB o[ 5,508~ g5 Sut] | do

_ Oy ¢, Opj &
- /BB‘PJ av 9 /fﬂB{ay 588~ 55 SBf]da

_ [ (-2, 99 5
_/BB[ o+ | - Spfdo

Observe that V - ¢1 = 0. Put « := fi/p. Then, from the definition of the
conormal derivative §/dv, we can immediately see that

Op1 _0er (01 _1zade

ov o o a v
Combining (7.17), (7.19), and (7.21), together with the second relation of
(7.22) yields

(7.22)

@ Y1 gdo = 3_90~1.§de(7:/ wl'ing‘idU
B op OV aB ov

~ 9 ~ ) dp
= Spfi1 - ==Spf| do — S =S do — S =
/6B Bl1- 5208 |_ o /6B B81 o Bg|+ o /GB BE1 Y o

= <§Bf1,§Bf>§ﬁ + (SBgLSBg)ﬁ)ﬁ\B — (Spg1, P) 5" .

_1—OL K]

On the other hand, it follows from (7.17), (7.21), and the first relation of
(7.22) that
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_—1 / Solgdo':/ %ngdO'
11—« OB OB ov

:/ %-Sggdo—t-/ %-goda
OB ov

= <501,33g>§# + (1, <P>§# .

Adding the above two identities we get

1+«
- p1-gdo
1—0& 9B

= (Spf1, Spf) " + <SBg1,SBg>ﬁ{5\B + (o1, )" (7.23)

— (Spea, <P>§M + <<P175}3g>%’u .

Observe that

lta ptp
l—a pu—p
Put
d\ 42 ~ d\+ 27
0= A+ 2u and f(:= A+ 2

A= X) 20— ) AN 20— 1)
It can be easily seen that

Opz D¢z _ 10p2 _ 10¢s
v v Bov §ov (7.24)

Following the same lines of derivation of (7.23), we obtain

- (6+5)/ p2-gdo
oB
= (Spf2, Spt)y" + (Spea, Spelylh 5 + (P2, 00y (1.25)
— (Spg2, Q)" + (02, 5p8) 5" .
Adding (7.23) and (7.25) yields

1+ ~
o [ o (345) [ enepio
— Q@ JsB oB

- <§Bf7§Bf>>§ﬁ + <SBg7SBg>;\é’5\B + <Lpa ‘P>>§# - <SBg7 So>)§u + <LP7SBg>>§#

= (Spf, Spf)y" + (Sng, Sy 5 + (0, ) 5"

Then the final formula (7.16) follows from (7.20), and the proof is complete.
O
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Theorem 7.5 (Symmetry) For p,q,i,j=1,...,d, the following holds:

(A — (¥ J— [ ij _ P4
My = Mgy, My =My, and  mg, =m; . (7.26)

Proof. By Theorem 6.13 and the definition (7.4) of g7, we have g/ € L2 (0B).
Since zp,e, — x4ep € ¥, we have

/ (zpeq — 2q€p) gl do = 0.
aB

The first assertion of (7.26) immediately follows from the above identity.
Since z;e; — z;€; € ¥, we have d(x;e; — zje;)/0v = 0 on OB. Let g :=
g/ — g} and f :=f] — f}. Then f and g satisfies

Spf|- — Spglt = (vie; — zjei)|os
0 = 0

ZSpf| - — ~0.
kB vt M

It then follows from Lemma 6.14 that g =0 or
gl =g .

This proves the second assertion of (7.26).

Because of the first and second identities of (7.26), (a, Mb) = {a +
a®, M(b+ bT)) for any matrices a,b. Therefore, in order to prove the third
identity in (7.26), it suffices to show that

(a, Mb) = (b, Ma), for all symmetric matrices a,b .
Let a,b be two symmetric matrices. Define ¢4, fq, 8a, @aj; fajs ajr 7 =

1,2, as in (7.14), (7.18), and (7.19). Define @y, f5, b, @b;, fo5, 865, § = 1,2,
likewise. Then,

<a,Mb>:/ ‘Pa'gbdo':/ soal-gbdo+/ Pa2 - Gpdo .
oB OB oB

By (7.21), we get for j = 1,2

. _ agoaj 39%3‘ Y
/83%] gbda_/aB[ o 35} Sty do . (7.27)

Let «, 3, and B be as before. It then follows from (7.19), the first relation in
(7.22), and (7.27) that
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1

“1—a Pa1 - gpdo
— @ JoB

a(Pal o
= -Spfydo 7.28
/aB ov B ( )

:/ O(pa1 +8Bga1)’
OB 31/

_ (SBga +90a) do
a(SBgal)
— | B2BB)(Spg.+pa)d
/33 5 |- (SB8a + ¢a) do

On the other hand, by (7.19), the second relation in (7.22), and (7.27), we
have

o
— & JsB
0va1 / d(Spfy)
= — - Spfydo = a1 — do 7.29
/G\B 81/ B 9B ! 81/ |_ ( )
= Spfar - a(S}ifb) |_do
OB 31/
J0(Spgy) s
— /838Bga1 . T’+d0—/(9383ga1 : 8—l/da
Subtracting (7.29) from (7.28) yields
/ Pal * 8b do
OB
O(pa1 + Spga
_/ M|_.(83ga+gpa)dg (730)
9B ov
f
—/ Spfar - O(Spty) |_do
ov
(Spgw) J0(Spgp)
-, s | PR -G o
= (pa1 + SBZa1, Py + 53&)%’“ - <§Bfa1a§be>%7ﬁ - SBga1 - gy do .
9B

Note that 3 — 5 = 1. We compute in the same way using (7.24) to obtain
that

/ Pa2 - 8y do = (Pa2 + SBGa2, b + Sng>§M (7.31)
oB

- <§Bfa27§be>%’ﬁ - Spga2 - gy do .
oB

Adding (7.30) and (7.31), we get
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/ Yo 8vdo = (pa + SBLa, ¥ + Sng>AB’“ (7.32)
oB

- <§Bfa>§be>)§ﬁ - SBga - gy do .
oB

Since

SBga - gpdo = / gq - Spgydo

oB oB

identity (7.32) obviously implies that

<a7Mb>=/ soa-gbdaz/ ¢y - 8ado = (b,Ma) ,
OB OB

and the proof is complete. 0O

Theorem 7.6 (Positive-definiteness) If i > p (i < p, resp.), then M s
positive (negative, resp.) definite on the space of symmetric matrices. Let k
be an eigenvalue of M. Then there are constants C1 and Cy depending only
on A, i, A, i and the Lipschitz character of B such that

Ci[B| < |s| < Co|BY -

Proof. Let ¢ = ax, as before. Since

(@, o) " = \Tr(ai)? +2u > a2)|Bl

j
we get from (7.16) that
(@, Ma) > 24|B| |a|*,

where ||a||? = a?;. On the other hand, we can obtain an upper bound for

ij _
m from its definition. In fact, let z € B. Since [, g/ do = 0, we have

wiy= [ ey gl@do = [ (5,2, gla)do
OB 0B
It then follows from (6.28) that
|m;{1\2 < / (xp — Zp)2 do / \gg|2da
oB OB
< Cdiam(B)’|0B| (nxjeiniw n |v<xjei>|%2(33>)

< Cdiam(B)?|0B)? .

Thus, if B satisfies the geometric condition: diam(B)|0B| < Cy|B|, then we
have
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mygy| < C|B|

where the constant C' depends on A, p, )\, 1 and Cy. Observe that Cy depends
on the Lipschitz character of B. Hence

(@, Ma) < C|B|[all* .

Therefore, there is a constant C' depending on A, u, X,ﬁ and the Lipschitz
character of B such that

wlB| |la]l* < (a, Ma) < C|B] |lal* . (7.33)
Let x be an eigenvalue of M and let the matrix a be its corresponding
eigenvector. Then (a, Ma) = x(a,a) and

ﬁ+u%_ﬁW)2

2

(@,a) = = T la (7.34)

B p

+d(>\+)\)+2,u+u ’T&r
- A)+2(n—p)

Suppose that i > u. Let

K, _mn<u+u d(A+/\)+2(u+u)>
=1 d(X = X) + 2(fi — p)

K, ::max<u+u dA+A) +2 u+,u)).

(
o= dX — \) +2(fi — )
Then
K1|B| |la|* < (@,a) < Ko|B] [la]*,

and therefore, estimates (7.33) imply that x > 0 and
Gy Cy
—|B| <k < —|B]|.
Bl <ns 21

When i < p, we obtain, by a word for word translation of the previous
proof, that x < 0 and similar upper and lower bounds for |«| hold. The proof
is complete. O

Theorem 7.6 shows that the eigenvalues of M carries information on the
size of the corresponding domain. We now prove that some components of M
also carry the same information.

If (aij) = 3(Eij + Eji), i # j, then ¢ = (2;€; + z;€;)/2. Hence by (7.16),
we obtain

iy = B St + Qi (S8) + B

It then follows that

ij k=Bl g
|m”|ZM‘u+ﬁ‘| -

Thus, we have the following corollary.
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Corollary 7.7 Suppose i # j. Then there exists a constant C' depending only
on A, i, A\, i, and the Lipschitz character of B such that

w— [ ij
‘ |B| < \mii.\ < C|B|. (7.35)

Iz —
p i

7.3 EMT’s Under Linear Transforms

In this section we derive formulae for EMT’s under linear transforms.

Lemma 7.8 Let B be a bounded domain in R? and let (mi (B)) denote the
EMT associated with B. Then

1] _ . d, 1] N —
’rnp]q(EB)_6 mp]q(B)7 Z?]’p7q_17"~ad'

Proof. Let (f/,g7) and (¢?,47) be the solution of (7.10) on B and (eB),
respectively. We claim that

¥l(er) = gl(z), w€dB. (7.36)

If d = 3, then (7.36) simply follows from the homogeneity. In fact, in three
dimensions, the Kelvin matrix I'(z) is homogeneous of degree —1. Thus for
any f,

S.pf(ex) = eSpf.(z), z€09B,
o(Sepf), . O(Spf.)
ov (ez) = ov
where f.(z) = f(ex). Then (7.36) follows from the uniqueness of the solution

to (7.10).
In two dimensions, note first the easy to prove fact:

(r), xz€dB,

A
I'(ex) = o logel;+ I'(z) .

Since the pair (())e, (¥7).) satisfies

~ ; A lo ; ;
Satel)e| + 35 [ (pledo— Sulwl)| —wielon
— ™ € oB +
afI;SB(SOi)e B 81/83(1;[]2')6 N - 31/ ‘OB 5
we have
Sp [(goi)e - fﬂ ‘ -8B {(1/13)5 - gﬂ = constant ,
B * on 0B .

5230 (D= ]]| = 5w [~ &l] | =0,

+
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We then obtain (7.36) from Lemma 6.14. Armed with this identity, we now
write

m%(eB) = / Tpeq - gg(eB) do
d(eB)

e [ e, gl(B)d = i (B)
OB
to arrive at the desired conclusion. O

Lemma 7.9 Let R = (ri;) be a unitary transform in R? and let B be a
bounded Lipschitz domain in R and B = R(B). Let m;{J and ﬁ%%, 1,9, 0,4 =
1,...,d, denote the EMT’s associated with B and E, respectively. Then,

d d
ij ~ ki
my, = E g TpuTquTikT 1My - (7.37)
u,v=1k,l=1

Proof. Fori,j=1,...,d, let (ff,gg) and (?Z,@Z) be the solutions of (7.10)
on 0B and 0B, respectively. It follows from Lemmas 6.9 (ii) and 6.12 that

Sp(R(F] o R)| —Sp(R (gl o R))

?

=R ' ((zie;) o R)|,5 »

- +
331 (R’l(fj oR))| - QSA(R’l(gj oR))|l = 2(Ril((a:ie-) oR))| e
ov B ' _ ov B k L Ov J oB
It is easy to see that
d
R7'((zie;) o R) = R(x);R"(e;) = Y rarji(zwer), i,j=1,....d.
k=1

It then follows from the uniqueness of the solution to the integral equation

(7.4) that
d

R_l(gg oR)= Z Tik""jlg\ic , L,ij=1...,d.
k=1
By (7.11) and a change of variables, we have

L2/ cod
my, = / Tpeq - g; do
B

= /aA R_l((xpeq) oR)- R_l(g{ oR)do

B
d
~l
/A Z rpurqv(xuev) : Z TikT 18k do
OB

u,v=1 k=1

d

d
_ ~kl
= TpuTquTikT 1My -

u,v=1k,l=1



142 7 Elastic Moment Tensor
The proof is complete. O
In two dimensions the unitary transform R is given by the rotation:
o _(T11 T2\ _ cosf —sin 6
k= R9 - (’I"Ql 1"22) o (sin0 cos ) ’
The following corollary follows from (7.37) after elementary but tedious com-
putations.

Corollary 7.10 Let B = Ry(B), and (mg2) and (M) denote the EMT’s for
B and E, respectively. Then,

Py 1. . .
mil = cost Omii + 3 sin?(20)ma} + sin?(20)mi2 + sin? om32

1 1
misy = sin 6 cos® Omi; — 1 sin(460)myy — 3 sin(40)mi2 — sin® 6 cos 2

1 1 1
may = 3 sin?(20)mi1 + (1 — 3 sin?(26))mas — sin?(20)m13 + 3 sin?(20)m33
1 1 ~ 1. ~
mis = 3 sin?(20)mil — 3 sin?(260)mas + cos?(20)miz + 1 sin?(20)m3as
_ 1 1
m33 = sin® 0 cos Omi1 + — 1 sin(460)mas + 3 sin(460)m13 — sin § cos® Om3a

_ 1. R R
m%% B Sln4 emﬂ + 5 sin’ (ze)m%% + sin (29)m12 + cos Gmgg

(7.38)

Corollary 7.10 has an interesting consequence. If B is a disk, then m;]é =

T?L;];], i,7,p,q9 = 1,2, for any 6. Thus we can observe from the first identity in
(7.38) that

mi1 = m3s = mas +2mi3 (7.39)
It then follows from the second and the fifth 1dent1ty in (7.38) that

11
Mg = m22 =0.

Thus we have the following lemma.

Lemma 7.11 If B is a disk, then the EMT (m,) is isotropic and given by

m;fq = m225”'6pq + m%%(&-péjq + 6iq5jp) , 4L,4pq=12. (740)
We also obtain the following lemma from Corollary 7.10.

Lemma 7.12 Suppose that either mis +m3 or mil —m33 is not zero. Then

mid+mi3 1
222 — —tan26. (7.41)

myp—my; 2
Proof. We can easily see from (7.38) that

1
11 22 22 11 12 ~ 99
My — Mgy = COS 29(7”11 Ma3) , My +my = 3 sin 29(7”11 ma3) -

Thus we get (7.41). O
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7.4 EMT’s for Ellipses

In this section we compute the EMT associated with an ellipse. We suppose
that the ellipse takes the form
2 2
B.I—+g—2:1, a,b>0. (7.42)
The EMT’s for general ellipses can be found using (7.38).

Suppose that B is an ellipse of the form (7.42). Let (A, 1) and (X, fi) be
the Lamé constants for IR?\ B and B, respectively. We will be looking for the
solution to (7.13).

Let u = (u,v) be a solution to (7.13) and let u. := u|r2\ g and u; := u|p.
By Theorem 6.20, there are functions ¢, and v, holomorphic in €\ B and ¢;
and 1; holomorphic in B such that

20(te + 1) (2) = Kpe(2) — 204(2) —Ye(2), 2€C\ B, (7.43)
20(u; + 1v;)(2) = R (2) — z95(2) —¢i(2), z€ B, (7.44)
where ~
A+3n - A+3n
T TR i

and

- (ku(e) = L - T ) = o= (Reie) — G - BT )

20
e(2) + 20L(2) + Ve (2) = ¢i(2) + 29} (2) + ¢i(2) + ¢ on OB,

(7.45)
where c is a constant. In order to find such @, ¥, @;, ¥;, we use elliptic coor-
dinates as done in [216]. Let

1 a—>b
and define

z=x+iy = w(() ::r((—k%) .
Then w maps the exterior of the unit disk onto €\ B.

Lemma 7.13 Suppose that m > 0. For given pair of complex numbers a and
B, there are unique complex numbers A, B,C, E,F such that the functions

e, Ve, 0i, and ; defined by

A
soeow(o:r{auz] > 1,

C¢
_m] , K >1, (7.47)

weow(C)=r{ﬂ<+§+
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satisfy the conditions (6.53) and (6.54). Here, the constant ¢ in (6.54) can be
taken to be zero. In fact, A, B,C, E, F are the unique solutions of the algebraic
equations

1, A - KE-E —
Ca--(24B) == _IF,
noopem [t [t

at(—+B) = E+E+mF,

— RE—F — 4
EA—l(maJrﬂ)meE~ E—iF, (7.48)
wop 1 1
A+(ma+B3) =m(E+E)+F,
1

2 — —_— =

(m*+ 1o (m—l—m)A—i—C 0.
Proof. Since
wQ) _ CH4m =1

W(¢) C(1—=me)’
we can check by elementary but tedious computations that the transmission
conditions (7.45) are equivalent to the algebraic equations (7.48). Using Mat-
lab, we can check that (7.48) has a unique solution A, B,C, E, F provided
that m > 0. The proof is complete. 0O

For a given pair of complex numbers a and 3, let u = (u, v) be the solution
defined by ¢ and ¢ given by (7.47). Define

mpq(avﬂ) = /aB % : (UE7U6) dO’ )

Mypq (v, B) ;:/ d(zpeq)

o OV

(7.49)

- (e, ve) do .

In order to compute the EMT m// associated with B, we need to find the
solution of (7.13) which behaves at infinity as z;e;. Let o = a1 +iava, etc, and
observe that the exterior solution ue + iv, behaves at infinity as

Ue(2) +ive(2) = % [(m1 —a1 — f)z+ (—kag —ag + 62)@/}

+ i {(’4012 +ag + B2)x + (ka1 — a1 + ﬂl)y]

+0(2[7Y). (7.50)

Therefore, to compute m}: for example, we need to take o = pu/(x — 1) and
B = —p. In view of (7.12) and (7.50), we get

11

H H
mpq - _mpq(n — 17_/1‘) +mPQ(H — 17_/1‘) )
Mg = Mg (=7 1) + Tpg (=7 1) (7.51)
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We now compute my,(a, 3). For p,q = 1,2, let a = apq and b = by, be
complex numbers such that f(z) = az and g(z) = bz satisfy

2u((zpeq)1 +i(zpeq)2) = Kf(2) = 2f'(2) —g(z), 2€C. (7.52)

In fact, (a,b) is given by

(5w =10,
(a,b) = (nf 7 H) if (p,q) = (2,2), (7.53)
(i) i) =0,2).
Then, by (6.44), we get
(EDREe -
=—id [f(z) + 2f'(2) + @} = —id [maz + bz] . (7.55)

Therefore

mpn(en8) =R [ ((%)1 i (3(?;”)2) (e — ive) do

- %2_—;' /8 ) {mpe—(z) C () — %(z)} B {%%az + bz]

- 9%2__5 . {EW — 2¢(2) — %(z)} {%Radz + bdz] ’

where the last equality comes from (7.45). It then follows from (7.47) that
Mpq(a, B) = R {(EE —E)z — Fz] {Z%adz + l_)di]
20 Jop
T [ma(kﬁ —E)+ bF} . (7.56)
o

Following the same lines of proof, we get
Fipq(at; B) = m% {2%&(%? —B) +§F} : (7.57)

where (a, E) is defined by (7.53) with p, x replaced by [, .

Denote the solutions of (7.48), which depends on given o and 3, by A =
A1 +iAs = A(a, B), etc. Then we obtain from (7.51), (7.53), (7.56), and (7.57)
that
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i .
E — mpg(a, B) + mpg (e, B)
F-DA—A+fi—pE —(i—pFh  ifp=qg=1,
= (- pFy ifp#q, (7.58)
(F- 1)~ A+fi- B+ (i—pF  ifp—g=2.
For given a, 3, we solve the system of linear equations (7.48) to find E(«, 3)

and F(a, 3), and using (7.51) and (7.58) we can find myj,, i,7,p,¢ = 1,2. In
short, we have the following theorem.

Theorem 7.14 Suppose that 0 < X, [t < o0o. Let B be the ellipse of the form
(7.42). Then,

mi2 =mi2 =0, (7.59)
and mit,m32, mil mi2 can be computed using (7.48), (7.51), and (7.58).
The remaining terms are determined by the symmetry properties (7.26). The
EMT’s for rotated ellipses can be found using (7.38).

Proof. Tt suffices to show (7.59). Since the coefficients of (7.48) are real,
Ei(a,8) = Fi(a,8) = 0 if @ and 8 are purely imaginary, and Es(a, 3) =
Fy(a, 8) = 0 if @ and (3 are real. Thus (7.59) follows from (7.51) and (7.58).
This completes the proof. O

Since the meaning of (7.48) is not clear when m = 0, i.e., when B is a
disk, we now compute the EMT for a disk. If B is a disk of radius one, then
we can easily check that (7.13) admits a unique solution u = (u,v) given by
w and ¥ that are defined by

C
Pe z)z,@z-l—;-l-z—g, |z| > 1, (7.60)

A— — 1% mo5
KL+ [
F+1
B:ME_Q—WJTL@,
p—f p—f
61
o 4D s+ (7.61)
ST CES
Ak +1)
KL=+

We then obtain the following theorem from (7.51) and (7.58).
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Theorem 7.15 Let B be a disk. Then

FE-DE+DA=A+a—p)  (G—p(s+1)

11
Moo = | B — — — — ,
2 = Bl (R + 20— p)(k — 1) KL+
k+1)(p—p
mlp = pu I,
KIL+ o

The remaining terms are determined by (7.40) and the symmetry properties
(7.26).

7.5 EMT’s for Elliptic Holes and Hard Ellipses

In this section we compute EMT’s for elliptic holes and hard inclusions of
elliptic shape. By a hole we mean that A = g = 0 while by a hard inclusion
we mean that g — oo. In other words, Young’s modulus tends to oo, while

Poisson’s ratio tends to 0. Young’s modulus, E, and Poisson’s ratio, v, are

defined to be
Eo (20 + dX) A

P TP S
We note that the EMT’s associated with elliptic holes with = = 0 were
computed in [196] and [210].

Let us deal with the hard inclusions first. If 7 = oo, then we obtain from
(7.48) that

m_(_%w)_o,
a—l—(%—l—?) =E+FE+mF,
nA—(m@—&-B) =0,
A+(ma+B) =m(E+E)+F,

and hence . .
E+E+mF=(k+1a,
— — k+1 —
m(E+ E)+ F = - (ma + 3) .
Thus we get
— 1 2 _
E+E:L a_m_a_mﬂ ,
1—m? K K
— 1 1—
F = Al —ma—l—ma—&-—ﬁ .
1—m?2 K K

Observe that the first equation has a solution only when « and (§ are real.
As i — oo, kK — 3, and hence we obtain from (7.58) that
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—2E1+F1 ifp:q:17

1 - .

i [t 9 —mpqm,m] ) itp+q, (7.62)
—2E1—F1 ifp:q:2.

If a=p/(k—1)and 8 = —pu, then

E+E:“(K+l) L =,
1-m? |k—1 k(k-1) &
F:,u(/-@#—l) __m_ _m 1 '
1—m? k=1 k(k—=1) &k

Thus we arrive at

w(k +1)(m—2k+1)
(m—1)k(k—1)

) =B

11 H ~ M
mi = —mpq(ma —p) + mpq(ma
Similarly we can compute m;]é using (7.51) and (7.62). The result of compu-
tations is summarized in the following theorem.

Theorem 7.16 Let B be the ellipse of the form (7.42) and suppose that fi =
oo. Then, in addition to (7.59),

mil — p(s+1)(m =26 +1)
n =Bl (m—-1Dr(k—1)
m22 — p(k+ 1)1 —m — 2k)
22 — |B| (m — 1)1%(’% — 1) ) (7 63)
1n k+1 '
My = | |m )
o (s 1)
mi3 = |B|m :

The remaining terms are determined by the symmetry properties (7.26). The
EMT’s for rotated ellipses can be found using (7.58).

Let us now compute the EMT’s for holes. To this end, we need to change
the presentation of formula (7.58). By equating the first and third equations
in (7.48), we obtain from (7.56) and (7.57) that

Mipg (@, ) — Mipg(ar, B)

- ﬁ%{ﬂ%(a —a) (Fc(a —mA) + (m?a— = +mp — B))

+(l_7—2v) (n(ma—A)—F(m&—A—FB—mB))} . (7.64)

If A\=/i=0, then E = F = 0 in (7.48). Thus we get
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A+(ma+p3) =0, (7.65)

1
2 — —_ =
(m*+ 1)a—(m+ —=)A+C=0.

Since @ = b = 0, it follows from (7.64) and (7.65) that

1 - -
Mpqg(av, B) = @% a(2Ra + bm) + (ma + B)(2Ram + b)
We now obtain the following theorem from (7.51) and (7.53) after elementary

but tedious computations.

Theorem 7.17 Let B be the ellipse of the form (7.42) and suppose that =
i =0. Then, in addition to (7.59),

B%B(l—&-m ) — dm(x — 1) + (k- 1)7],
M m m(K — KR — 2
\B\( — 1y [2(1+m®) +dm(k — 1) + (x — 1)7], (7.66)
p(k+1) 2 2
myy = |B|ﬁ[—2(1+m)+(“—1)]7
mis = —|Blu(k +1) .

The remaining terms are determined by the symmetry properties (7.26). The
EMT’s for rotated ellipses can be found using (7.58).

As an immediate consequence of Theorem 7.16 and Theorem 7.17, we get
the following result.

Corollary 7.18 Let B be a disk. If)\ =0, then

u(k +1)
(k—1)?
mis = —|Blu(k +1) .

=B~ =2+ (k= 1)7],

If 1 = oo, then
k+1

k(1= k)’
(n+1)'

m22 |B|

my} = |B|
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Derivation of Full Asymptotic Expansions

We suppose that the elastic medium occupies a bounded domain {2 in RY,
with a connected Lipschitz boundary 2. Let the constants (A, ) denote the
background Lamé coefficients, that are the elastic parameters in the absence
of any inclusions. Suppose that the elastic inclusion D in {2 is given by

D=eB+z, (8.1)

where B is a bounded Lipschitz domain in IRY. We assume that there exists
co > 0 such that

inf dist(x,082) > ¢ .

zeD

Suppose that D has the pair of Lamé constants (X,ﬁ) satisfying (6.18) and
(6.19).

The purpose of this chapter is to establish a complete asymptotic formula
for the displacement vector in terms of the reference Lamé constants, the
location of the inclusion and its geometry. Our derivation is rigorous, and
based on layer potential techniques. The asymptotic expansions in this chapter
are valid for an elastic inclusion with Lipschitz boundaries.

8.1 Full Asymptotic Expansions

We first observe that if D is of the form (8.1), then the Lipschitz character
of D, and hence the constant C' in (6.28), depends on e. However, for such a
domain, we can obtain the following lemma by scaling the integral equation
(6.22) and the estimate (6.28).

Lemma 8.1 For any given (F,G) € WZ(OD)x L?*(dD), let (f,g) € L*(0D)x
L?(OD) be the solution of (6.22). Then there exists a constant C' depending
only on \, u, \, it, and the Lipschitz character of B, but not on €, such that

_ OF
Igllr2opy < C (e |F| r2ap) + HﬁHLQ(aD) + 111Gl L20m)) - (8.2)

H. Ammari and H. Kang: LNM 1846, pp. 151-157, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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Here 0/0T denotes the tangential derivative.

Proof. Assuming without loss of generality that z = 0, we scale x = ey,
y € B. Let f.(y) = f(ey), y € 0B, etc. Let (¢p,1) be the solution to the
integral equation

Sppl- —Spipl = 'F. on 9B,

0 0
aNSBcp‘ — $SB¢ = GE on 0B .

+

Following the lines of the proof of (7.36), we can show that
ge = ":b .
It then follows from (6.28) that

el 2om) = bl 20m) < C<||€1Fe||wf(63) n |Ge||L2(aB>) 7

where C does not depend on €. By scaling back using « = ey, we obtain (8.2).
This completes the proof. 0O

Let u be the solution of (6.21). In this chapter, we derive an asymptotic
formula for u as € goes to 0 in terms of the background solution U. The
background solution is the solution of (6.13).

Recall that u is represented as

u(z) =U(z) — Npyp(z), =€01, (8.3)

where 1 is defined by (6.28). See (6.38). Let H be the function defined in
(6.27). For a given integer n, define H(™ by

1
_l

2)(x —2)°

n

x—z)a PR Z %aaHd(Z)(x_Z)a)

( lor|=0 ||=0

Define ¢,, and v, in L2(3D) by

(P
S Lo

1
_l

2)(x —2)%; .

Q|»—I

5:D‘Pn‘f - SD"abn|+ = H(n)|6D

d ~ 9 OH™)

v - _SD,l/JTL N a—‘aD )

SDQDn B




8.1 Full Asymptotic Expansions 153

and set
p:=¢nter and Y:=¢,+Yr.

Since (@r,¥r) is the solutlon of the integral equation (6.22) with F = H —
H™ and G = 9(H — H™)/dv, it follows from (8.2) that

1¥rllz20p) < C(e  H=H™||12op) + [VEH = H™)|1200p)) . (8:4)
By (6.30) we get
e H-H" ||L2 apy + [|V(H — H™)| 120p)
< |oD"? e [H = H™ || L (op) + [[V(H = H™)|| L~ (op)
< ||H||Cn+1(§)e”|8D\1/2
< Cllgllz2(o0)€™[0D|"/? .
It then follows from (8.4) that
¥Rl L2p) < C||g\|L2(aQ)€n\aD|1/2 ) (8.5)

where C' is independent of e.
By (8.3) we get

u(z) =U(z) — Np¥,(z) — Nppr(z), z€d. (8.6)

The first two terms in (8.6) are the main terms in our asymptotic expansion
and the last term is the error term. We claim that the error term is O(e"+9).
In fact, since ¥, ¢, € Lg(0D), in particular, [, do = [, ¥, do =0, we
get [, ¥rdo = 0. It then follows from (8.5) that, for € 912,

Nown(o)l = | [ (Nt~ NG = 2))bat) do(0)
< CeloD["?||9p g 120p)

< Cllgllr2(a0)€"

In order to expand out the second term in (8.6), we first define some
auxiliary functions. Let Dy := D — z, the translate of D by —z. For multi-
index o € IN? and j = 1,...,d, define @, and 9, by

SVDOLPJO-L‘* - SD0¢£|+ = xaej‘aDo )

~ 0 ; d(z%e;) (8.7)
= il _ < il _ j
81/81309004 B 81/813017[’(1 v ‘aDo .

Then the linearity and the uniqueness of the solution to (8.7) yield
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d n
:ZZO% 2Pl (x—2), x€dD.
j=1|a|=0

Recall that Dy = €B and (f7, g/) is the solution of (7.4). Then, following the
same lines of the proof of (7.36), we can see that

Ph(x) =gl (e a)

and hence
d n
1
:ZZ_ Jelel=1gl (e (z — 2)), z€dD.
71 =0 ol
We thus get
d n
1 .
Novn(a) =3 3 GO HAETT | Nzt adat) bW 63

OB
We now consider the asymptotic expansion of N(z, z + ey) as e — 0. We

remind the reader that € 02 and z + ey € dD. By (6.37) we have the
following relation:

(—%I +Ka) {N(-7 ey + z)} () =T(z—2z—ey), x€0, moduloV.

Since

I'(z — ey) Z _elﬁ\aﬁ ()",

|B8]= 0

we get, modulo ¥,
1

(—EI-FICQ) |:N(.7ey—|—z :| Z —ewlaﬂ 1:—2))3/[3

|B8]= 0

1 S~ L sige j
= (_§I+’CQ) Z _!6 ON(, 2)y” | (o)
|8]=0

Since N(-,w) € L2 (02) for all w € {2, we have the following asymptotic
expansion of the Neumann function.

Lemma 8.2 Forx € 02, z € 2, y € OB, and ¢ — 0,

+oo
1
N(z,ey+ 2) = Z —'elmafN(a:,z)yﬁ.
18]=0 "
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It then follows from (8.8) that

ND"pn(I)
d n
1 - | j
-y —0H [+d—2 Z \maﬂN (z z)/a y’gl(y) do(y) .
j=1|a|=0 18l= 0 o

Note that Z;l:l > lal=t L0*H;(z)gl, is the solution of (6.28) when the right-
hand side is given by the function

d
zzz—aa (2)z%e; .
7=1|a|=l o

Moreover, this function is a solution of L) ,u = 0 in B and therefore,
Ou/dv|sp € L2, (0B). Hence, by Theorem 6.13, we obtain that

Z S o H,(2)gh € I3 (0B)
j=1|al= l !
In particular, we have
Z > Lo / gl (y)do(y) =0 Y1
J=1|al=l o

On the other hand, gé = 0 by Lemma 6.14. We finally obtain by combining
these facts with the above identity that

N =30 30 3

J=1lal=1|g|=1

6Ia\+|ﬂ\+d 2

(0N [ el dol).

oB

(8.9)
We then obtain from the definition of the elastic moment tensors, (8.6),
and (8.9) that

o+l a1 +d—2

Z Z > ——=—0"H;(2)0’N(x,2) M, (6.10)

j=1lal=1 ||=1
+O(e" ) | 2 € o0

C

Observe that formula (8.10) still uses the function H which depends on
€. Therefore the remaining task is to transform this formula into a formula
which is expressed using only the background solution U.

By (6.7), U = =Sq(8) + Dn(Ulap) in £2. Thus substitution of (8.10) into
(6.27) yields that, for any = € (2,
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H(z) = =Sa(g)(z) + Da(ulon) ()
nlalFl o)+ (8] +d—2

d n
-2 Z ol
i=1lal=1 |B=1

+ Oty . (8.11)

0 H,(2)Da(0IN(., 2)) (x) M,

n (8.11) the remainder O(e"*4) is uniform in the C*-norm on any compact
subset of {2 for any k and therefore

n n—|a|+1

d
OH(z Z Z Z |a\+|ﬁ\+d72aaHj(Z)PiB’Y = 9U(2) + O(€n+d) 7

j=llal=1 |B|=1
(8.12)
for all v € IN% with |y| < n, where

I%*@@%WM»@@WW

We now introduce a linear transform which transforms 0“H(z) to 0*U(z).
Let

“~ (k+1)(k+2)
Ni=d)y —————=
D
k=1
and define the linear transform P, on RY by

|a|+1

n—
. [+|8]+d—2 J
Pe: (Va)yewd fyj<n = (V“Y + Z Z Z ° ve Paﬁv)vemd Iyl<n

Jj=llal=1 |g|=1

Observe that
Po=I—¢P—...—ti1p, |

where the definitions of P; are obvious. Since € is small, P, is invertible. We
now define Q;, i =1,...,n—1, by

7’;1 =T+¢0 +...+1Q, + O(e"+d) )

It then follows from (8.12) that

((07H)(2)) 5| <n = ”Z €29 (((07U)(2))}y)<n) + O(e™)

which yields the main result of this chapter.

Theorem 8.3 Let u be the solution of (6.19) and U is the background solu-
tion. The following pointwise asymptotic expansion on 02 holds:
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u(z) = U(z)
d o n el ol gl +d—2 . _
2; —aF 1+Z €+2Q;)((07U)(2)))” 0Nz, 2) M,
7=1 |a|=1

8=
+O(e ) zedn.
(8.13)

The operator Q; describes the interaction between the inclusion and 9{2.
It is interesting to compare (8.13) with formula (7.8) in the free space. In (7.8)
no Q; involves. It is because the free space does not have any boundary.

If n = d, (8.13) takes simpler form: for z € 012,

B

Llal=1 [B]=1

AAlmlel jal+|8l+d—2

el U;)(2)09N(x, 2) M2 5+ 0(e*?) .

(8.14)

Observe that no Q; appears in (8.14). This is because D is well-separated
from 012.

The coefficient of the leading-order term, namely, the e?-term of the ex-

pansion is
d

Z (0pU;)(2)0z, Nij(z, z)mpq7 i=1,...,d.
Jip,q=1
By Theorem 7.6, this term is bounded below and above by constant multiples
of

p 1/2
INU@E | D 102, Nij(w, 2)[? :
q,j=1
fori=1,...,d, and those constants are independent of €.

When there are multiple well-separated inclusions
Ds=€eBs+2z5, s=1,--- m,

where |z5 — zs/| > 2¢p for some ¢g > 0, s # ', then by iterating formula (8.14),
we obtain the following theorem.

Theorem 8.4 The following asymptotic expansion holds uniformly for x €

012:

u(z) = U(;,;)
U e elal+18]+d—2 |
ZZ Z Z ol (aan)(ZS)afN(l”Zs)(MS)JaB
s=1j=1|a|=1 -1
+0(*?) |

where (Ms)iﬁ are EMT’s corresponding to By, s=1,--- ,m.
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Detection of Inclusions

As in the previous chapter, assume that the elastic inclusion D in (2 is given
by D = eB+ z, where B is a bounded Lipschitz domain in IRY. In this chapter,
we propose a method to detect the elastic moment tensors and the center z
of D via a finite number of pairs of tractions and displacements caused by
tractions measured on 9f2. The reconstructed EMT will provide information
on the size and some geometric features of the inclusion. Our methods use the
asymptotic formula derived in the previous chapter.

9.1 Detection of EMT’s

Given a traction g € L2(012), let H[g] be defined by
Hlgl(z) = -Sa(g)(z) + Do(f)(z), xR\ N, f:=ulspn, (9.1)

where u is the solution to (6.21), Sy, and Dy, are the single and double layer
potentials for the Lamé system on 042.

Theorem 9.1 For z € R\ 12,

A d drizlal jajyipl+d—2 _

HEo =3 % > S e -
j=llal=1 |8|=1 o (9.2)
e2d
O ——
+ ( \x\d_l ) s

where U = (Uy, ..., Uy) is the background solution, i.e., the solution to (6.13),
M 5 are the elastic moment tensors associated with B, and T' is the Kelvin
matriz of fundamental solutions corresponding to the Lamé parameters (A, p).

Proof.  Since |VI'(z — y)| = O(|z|*~?) as |z| — oo for each y in a fixed
bounded set, substituting (8.14) into (9.1) yields

H. Ammari and H. Kang: LNM 1846, pp. 159-173, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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Hlg|(x) Z—Srz( )(®) + Do(Ulagn)(z)

d_dtllel jalt|gl+d—2 '
Yy i O U)EDR (9N ) ()M
Py e
2d
+O0(rr)-

But 0U/0v = g on 912. Therefore, it follows from (6.8) that
—S0(g)(x) + Do(Ulon)(z) =0 for z e RY\ 2.

From (6.9) and (6.37), we now obtain
DQ(N('7Z))‘+(I):(—%I+K9)(N(',Z))(I)ZF(I —2z), ¢ € 92, modulo ¥ .

By Do (N(+,2))(z) = O(|z['~?) and T'(z — 2) = T(2) = O(|z[' ™) as |z] — oo,
we have the identity

Do(N(2))(z) =T(x—2)—T(z), z¢€ R\ 2,
from which we conclude that
Do (9/N(,2))(x) = 9/Da(N(-,2))(2) = T(@ —2), [B| =1,
and hence (9.2) is immediate. This completes the proof. O
If g = 0U/0v|gn where U is linear, then 90U = 0 if |a| > 1 and therefore,

elBl+d—1 24

d
H[g](x):—z > Z 7 (0°U;)(2)0°T (& — 2)M]] +0(‘ - ) -

Since O°T(z — z) = O(|z| =218 as |2| — oo if |8 > 1, we get

d+1
_ _d « el _
6 ;;1[;1 (UL = 2)Mas + O ‘l"d)

62d

+O(W)7

or equivalently, for kK =1,...,d,

d cd+1
Hylg)(x) = = Y (0,U,)(2)3p Tkg(w — 2)mi%, + O(— 2] )
éﬁhq 1 (9.3)
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Since 9, ky(x — 2) = Op kg (w) + O(|z|?), we obtain from (9.3) that

d o (2d
Hilg(z) = =" Z (0:U;)(2)8p Leq (x)my5, + O ‘d)+0(‘ =) (04)

For a general g, we have the following formula:

d d+1
Hile](@) = ¢ 3~ (0030 (e = 2)my + O )
4,J,p,q=1

from which the following expansion is obvious:

d d 6d—i—l
Hilg)(z) = = Z (0:U;)(2)8p Leq (x)my5, + O ‘d)+0(‘ 1)+ (99)

Finally, (9.4) and (9.5) yield the following far-field relations.
Theorem 9.2 If |z| = O(e71), then, fork=1,....d,

d
2l Hulg] (@) = —elal ™t D0 QU0 Tha(@myly - (96)
1,J,p,q=1

Moreover, if U is linear, then for all x with |z| = O(e~%),

d
2| He[g)(z) = —e|2|P™" > (0iU;)(2)0p L g (x)m, - (9.7)

4,9,p,q=1
Both identities hold modulo O(e?).
Theorem 9.3 (Reconstruction of EMT) For u,v=1,...,d, let

0 [Ty +a0€y
Buv = ov 2

b

o0
and define
o= tlirglotd_lHk[gw}(tel), ELiujv=1,...,d. (9.8)
Then the entries miy, u,v,k,l=1,...,d, of the EMT can be recovered, mod-

ulo O(e?), as follows: for u,v,k,l=1,...,d,

 2wap(A + 2,u A4 p
h’“’ hiy
» A+ (d— Z +

if k=1,
—waA 2R i kAL

modulo O(e*?), where wg = 27 if d = 2 and wq = 47 if d = 3.
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Proof. Easy computations show that

i OkqTp B Oppxg + Opgxr  dB xpxqmy

oI = - — — . 9.10
pLkg () wa |z Y || + wq |ax]d+? ( )
Ifx=te,teR,l=1,...,d, then
1
8,,qu (te;) = wdtd T [Aékqépl (5kp6ql + 6kl(qu) + dBdkléqldpl}
1
L= W@klpq . (911)

The background solution U corresponding to g, is given by U(z) =
%(a?uev + z,e,) and hence

1
0iUj(2) = 5 (Giubjo + divdju) - (9.12)

Therefore the right-hand side of (9.7) equals

d d
€
_m E (62u6]v —|—(Sw5]u)6klpqm - E eklpqmpq .
4,4,p,q=1 4 pg=1

The last equality is valid because of the symmetry of the EMT, in particular,

miy = mp. It then follows from (9.7) that if ¢ = O(e™!), then, modulo

O(e*),
€d .
—w—d{(A—&-(d 2)B)mj — BZm ] ifk=1,
t17 Hy[guo) (ter) = ) 7
S (B AmY itk £l
wd

(9.13)

By solving (9.13) for m% . we obtain (9.9). This completes the proof. O

P’

Once we determine the EMT ¢ m;Jq associated with D, then we can esti-
mate the size of D by Corollary 7.7.

Theorem 9.4 (Size estimation) For i # j,

B+

D~ |———m—
= ‘M(M—M)

if 1 is known. If i is unknown, then | (u+ m)/(u(p — )| is assumed to be
1/p.
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9.2 Representation of the EMT’s by Ellipses

Suppose d = 2. As in the electrostatic case, the reconstructed EMT carries an
information about the inclusion other than the size. In order to visualize this
information, we now describe a method to find an ellipse which represents the
reconstructed EMT in the two-dimensional case.

For an ellipse D centered at the origin, let m;jé(D) be the EMT associated

with D. Let D be the ellipse of the form

such that

for some #. Then by Theorem 7.14, m}} are determined by 6, |D|, and m
defined by (7.46).

Let M;g, i,7,p,¢g = 1,2, be the EMT determined by the method of the
previous section. Our goal is to find an ellipse D so that

mg (D) =M, i,5,p,q=1,2. (9.14)

pq pg’

Observe that the collection of two-dimensional EMT’s has six degrees of free-
dom while the collection of ellipses has only three. So the equation (9.14) may
not have a solution. Thus instead we seek to find an ellipse D so that m%(D)
best fits M} for i,7,p,q = 1,2.' We can achieve this goal in the following

steps.

Representation by ellipses with knowledge of (X,ﬁ) Suppose that the
Lamé constants (A, i) of the inclusion D are known.

Step 1: First we set a tolerance 7. If both |M}} + M32| and |M{{ — M23| are
smaller than 7, then represent the EMT by the disk of the size found in
the previous section. If either [M{3 + Mj3| or [M{{ — M33| is larger than
7, then first find the angle of rotation 8 by solving (7.41), namely,

MY+ ME 1 .
—=——== = —tan26, 0<60< —. 9.15
sy~ 050%3 )

Step 2: We then compute ]\/4\;2 by reversing the rotation by @ found in (9.15)
using formula (7.37). Since it suffices to replace r;; with (—1)"™r;; in
(7.37), we get

2 2

A — 2: i+j+utot+k+l+p+ ki

M;?] - Z (_1)2 e b qrpurquikrleuv7 (916)
u,v=1k,l=1

! It would be interesting and useful to find a class of domains that can represent
the reconstructed EMT in a unique and canonical way.
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ri1 712\ [cosf —sind
791 722 )  \sinf cosf | -
Step 3: The ideal next step would be to use (7.51) and (7.58) for finding | D]
and m that produce the entries /% that minimize

where

|t — MY +[ M35 — M35 |+ [mgs — Mo | +|mi3 - Mi3| . (9.17)

But it is not so clear how to minimize (9.17) since M is a nonlinear
function of m, defined by (7.46), and | D|. So we propose a different method
to find |D| and m.

The relation (7.39) suggests that 2(m3} + 2mi3) — (Mmi] + m33) carries
an information on the size of m, the ratio of long and short axes. On the
other hand, (7.35) shows that m13 carries an information on |D|, the size

of D. So, we solve
2z} + 2mi3) — (i} +M33) = 2(Mg3 + 2M{3) — (M} + M33)
mlf = 11
(9.18)
using (7.51) and (7.58). Numerical tests show that (9.18) may have mul-

tiple solutions. Among the solutions found by solving (9.18), we choose a
one which minimizes (9.17).

Representation by ellipses without knowledge of (X,ﬁ) Suppose that
the Lamé constants (A, i) of the inclusion D are unknown. Then Step 1 and
Step 2 are the same as before. Instead of Step 3, we use Step 3.

Step 3’: If the reconstructed M;g is negative-definite on symmetric matrices,

then fi < p by Theorem 7.6. So, set A = fi = 0 and solve (9.18) for
m and |D| using (7.66). If the reconstructed MZ% is positive-definite on
symmetric matrices, then set 11 = oo and solve (9.18) for m and |D| using
(7.63). Among the solutions found by solving (9.18), we choose a one which

minimizes (9.17).

9.3 Detection of the Location

Having found edmz;, we now proceed to find the location z of D. We propose
two methods, one using only linear solutions and the other using quadratic
solutions.

Detection of the location — Linear method. In view of (9.3) and (9.12),
we have

d+1 2d
) +0(

d
—e 3" 9Ly — 2)my = Hilguo)(x) + O

9.19
p,q=1 [ )

)
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for k,u,v=1,...,d. Since my; = mg,, p,q,u,v=1,...,d, we can symmetrize
(9.19) to obtain

t\'>|”‘QL

d
Z {a Fig(x = 2) + 0y Dip(z — 2) | M2

(9.20)

d+1 E2d

= Helgual () + O(1) + Ol

Let V be the space of d x d symmetric matrices and define a linear transform

P onV by
((apg)) Z g€’ My )

p,q=1

Then by Theorem 7.6, P is invertible on V. Let (n},) be the matrix for P~!
on V', namely,

((apq)) Z apqnis) . (apg) €V . (9.21)
p,q=1

It then follows from (9.20) that

-3 {@,qu(x = 2) + Oy Loy Z)]

y (9.22)
— Z Hylgijl(x n”q+0(—‘)+0(|x|ﬁ)7 k=1,...,d.
ij=1
Observe from (9.10) that
Zdzﬁl“ _ 7(—B+A)xk—zk7 1 T — 2k
kP B wa |z —zt waPu+ ) |z — 2[4’

for k=1,...,d. Hence we obtain from (9.22) that

d

= —wa(2u+X) > Hilgs)( Z gy + O

ij=1

Ty — Rk

_ 4
[ = 2] (9.23)
ed
O(————) .
O
Multiplying both sides of (9.23) by |x|?~!, we arrive at the following formula.

If |z| = O(e=9*1), then

d
= —wa(2p+ N[z Y Hylgi)(= an’ +O(e (9.24)

i,j=1

Tk — 2k

|z — 2|
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for k = 1,...,d. Formula (9.24) says that we can recover (zy — z)/|z — 2],
k=1,...,d, from Hg[gi,].

We now use an idea from Theorem 5.2 to recover the center z from
(z = z)/|z — z|. Fix k and freeze 1, | # k, so that >3, || = O(e” ).
Then consider

d d
wap+ Nzt S Hilgil@) > P
i,j=1 p=1

as a function of x. In fact, for

T = xpeg + g riep ,

I#k
define
d d
By, (wx) = wa(2p+ )| Z Hylgjil(z) Z”ff : (9.25)
ij=1 p=1
We then find the unique zero of @y, say z;; and therefore the point (27, ..., 2})

is the center z within a precision of O(e?).

Detection of the location — Quadratic method. This method uses the
relation (9.6). In view of (9.6) and (9.11), we get

d

. 1 y

t4 Hy [g] (te)) = T Z (&-U]—)(z)eklmedmp]q ., modulo O(e?*1) |
,3,P,q=1
(9.26)
Since m;,]q = msz, we get

d 1A d

> @) (=)enpge'myy = 5 Z hipg + erign) D (OiU;)(2)e my
,7,P,q=1 =1 i,j=1

Since ekipg + €kigp = €lkpq + €lkqp, We can define a linear transform 7" on V' by

d
( Z (ekipg + equp)“m) .

p,q=1

N =

T((apq)) ==

We claim that 7' is invertible. To prove this suppose that T'((apq))k = 0,
kil=1,....d If k=1, then

(A+(d=1DB)ark + Y app =0, k=1,....d.
p#k

Since A+ (d—1)B # —1, we get agr, =0, k = 1,...,d. On the other hand, if
k # 1, then
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(—A-l— B)(akl + alk) =0,

and hence ay; = 0 since (ap,) is symmetric. Therefore ((11,,1)1;'}7(]:1 =0and T is
invertible on V.
It then follows from (9.26) that

d
= 30U (2)e"m, = wiT (1 Hy[g](ter))p . modulo (7).
i,j=1
(9.27)
We then apply second-order homogeneous solutions for U. In fact, in the
two-dimensional case, take

U(z) = (2:101372,:10% — x%) ,

and g = 9U/Jv. Then using (9.27), we can determine (9;U;)(z), thus z, from
the elastic moment tensor m;jé and the limit value of Hy[g] at t — co. In the
three-dimensional case, we apply two homogeneous polynomials:

U(z) = (2:101372,3:% — x%,O), (2x1x3,0,x§ — x%) .

9.4 Numerical Results

In this section we summarize the algorithms described in detail in previous
sections and show some results of numerical experiments. The first algorithm
is to identify a disk which represents the reconstructed EMT by using (7.7).
We call this algorithm the disk identification algorithm. The second one is
to find an ellipse which can represent the reconstructed EMT by using the
method described in Sect. 9.2. We call this algorithm the ellipse identification
algorithm. It is worth emphasizing that both of these recovery methods are
non-iterative direct algorithms. We only present them in two dimensions even
though they work in the three-dimensional case. Details of the implementation
of the proposed algorithms can be found in [166]. When comparing these two
algorithms, it turns out that the ellipse reconstruction algorithm performs
far better in estimating the size and orientation of the inclusion. But unlike
the disk reconstruction algorithm, the ellipse reconstruction method requires
Lamé constants not only for the background but also of the inclusion.

The proposed identification algorithms do not rely on a forward solver
while iterative algorithms require a sequence of forward solutions. Solutions
of the elastostatic problem obtained by a second-order finite-difference forward
solver are used only for generation of numerical simulations. In Example 1, ef-
fectiveness and stability of the algorithms for a disk inclusion are numerically
demonstrated. Validity of the asymptotic expansions for the radius and the
centers has been checked under various physical configurations in Example 2.
Example 3 shows that the disk reconstruction algorithm provides pretty good
disk approximations even for domains with non-circular inclusions. Example 4
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shows that the ellipse recovery method gives perfect reconstruction results for
elliptic inclusions and fairly good approximations for general domains in the
sense that it provides correct estimations on the major and minor axes, and
the orientation.

Disk reconstruction procedure.
Step R: Compute e*m}? using formulae (9.8),

hil = tlgrolo tHi[guo|(ter)

and m}} in (9.9) for u <w, k <[, u <k, and v </,

Zh“”+h . k=1,
miy =

_T‘—(A—’_M) kl7 k?’él

Then the computed radius is given by

Step Cl: Compute the matrix (nf}); jpg=1,2, defined in (9.21),

2
(Z apqng> = P ((apy)) where P((apq)) (Z Gpg€ mpq> .

p,q=1 p,q=1

Then find the unique zero 2}, k = 1,2, defined in (9.25),

2

2
By () = 2m(p+ N Y Helggil(@) Y nl?
p=1

ij=1

by Newton’s method with Hy[g;;](x) and (0/0zk) Hi[g;:](x). In the iter-
ation, the other coordinate x5y, is frozen to a constant larger than O(e2)
and we just choose z3_j to be 103.

Step C2: Compute the center point z using (9.27):

_ Z (0;U;)(2)e m” =271~ (tHk[g](tel))pq J

3,j=1

2
1
T(apq) = B} E (€kipq + €kigp)apg , U(x) = (2951372737§ - 37%) .
p,q=1
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Fig. 9.1. The dashed-dotted circle represents the solution by the linear method
and the dashed circle by the quadratic method. The right-hand plot shows the
perturbation error due to the random boundary noise.

Example 1: In [166], the following reconstruction procedure is implemented
for two-dimensional domains using Matlab and its performance is tested using
a circular inclusion. The disk is centered at (0.4, 0.2) and is of radius r = 0.2.
The Lamé constants of the disk are (X, /) = (9, 6) while the background Lamé
constants are (\, ) = (6,4). The functions u'!, u>2 u?2, and u¢ denote the
inhomogeneous solutions with the same boundary values of the corresponding
homogeneous solutions, Ul = (22,0), U2 = (y,z), U%2 = (0,y), U4 =
(2xy, 22 —y?), respectively.

The following table summarizes a computational result of the algorithm
using the forward solutions on a 128 x 128 mesh. The radius 7€ is the computed
radius in Step R, (x§,y$) is the center obtained by the linear method in
Step C1, and (x5, y$S) is the one obtained by the quadratic method in Step C2.

AW @y [ r ] [ @5y (25,95 |
(6.4) [ (9,6) (0.4, 0.2)[0.25][0.3036](0.4110, 0.1961)|(0.3983, 0.1985)]

The left-hand diagram in Fig. 9.1 shows the original disk as a solid curve;
the dashed-dotted circle is the reconstructed disk by the linear disk reconstruc-
tion method and the dashed circle is by the quadratic reconstruction method.
In order to check the stability of the algorithm, we add random white noise
to the Neumann and Dirichlet boundary data. Since computational results
for radius and centers have some errors even without noise, we compare the
difference between those with and without noise. We plot the absolute pertur-
bation error of the reconstructed values with respect to white random noise
level measured in the root mean square sense. The right-hand plot in Fig. 9.1



170 9 Detection of Inclusions

demonstrates that the algorithm is linearly stable with respect to the random
boundary noise.

Example 2: In this example, we test the disk identification algorithm with
various configurations of disk inclusions and check the validity of the asymp-
totic expansions for the radius in case where the inclusion has finite size much
bigger than 0. The following table and Fig. 9.2 summarize the computational
results for three different locations with two different Lamé parameter config-
urations. The linear and the quadratic methods compute the center quite well
but the radii of the top three cases are about 20% larger than the original
disks and those of the bottom cases are about 30% smaller than the originals.

A W) | (@y) [ e (zf,9%) (z5,95)

(6,4)](9.0,6.0)] (0.5, 0.1) [0.2]]0.2474] (0.5198, 0.0967) | (0.4988, 0.1014)
(6,4)[(9.0,6.0)| (0.2, 0.2) |0.3[/0.3638| (0.1999, 0.1999) | (0.1962, 0.1982)
(6,4)[(9.0,6.0)((-0.3, -0.3)|0.5(/0.5931|(-0.2974, -0.2972)|(-0.2947, -0.2981)
(6,4)[(7.0,4.5)] (0.5, 0.1) ]0.2][0.1371] (0.5203, 0.0967) | (0.4995, 0.1009)
(6,4) |(7.0,4.5)| (0.2, 0.2) |0.3]|0.2029] (0.2003, 0.2003) | (0.1969, 0.1977)
(6,4)[(7.0,4.5)|(-0.3, -0.3)|0.5(/0.3366(-0.3006, -0.3005)|(-0.2990, -0.2995)

In order to check the validity of the asymptotic expansion, we compute
the radii by the disk reconstruction method for various combinations of radii
and Lamé parameters while fixing the center of inclusion at (0.4,0.2). We use
three different computational grids to check the computational accuracy of
our forward and inverse solvers. In Fig. 9.3, the dotted line is used for the
results on 48 x 48, the dashed line on 64 x 64, and the solid line on 128 x 128
grid; the computational results on the three different grids seem to be almost
identical. The figure also shows that the computed radius is not identical but
proportional to the original value. The ratio between the computed and the
original radius is independent of the radius, which is strong evidence of a
missing second-order asymptotic expansion term for the radius. It is worth
noting that the asymptotic expansion of EMT in (9.9) is correct up to O(€24),
which gives a valid expression for the radius up to second-order accuracy in
the two-dimensional case.

Example 3 (General domain cases): We now test the disk reconstruction
algorithm with non-circular shape inclusions even though the algorithm has
been derived for circular inclusions. The computational results on the 64 x 64
grid show fairly good agreement with their circular approximations. It is also
worth mentioning that (Mg, o) = (6,4), (A1, 1) = (9,6) gives about 20%
bigger results and (Ao, o) = (4,6), (A1, p1) = (6,9) about 50% bigger than
originally, in disk cases shown in Fig. 9.4, therefore the computed results are
bigger than the inclusions, especially for the three lower examples.
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(ghig=(64), (1 )=(0.06.0)  ()=(6.4), (A 1 )=(9.060)  (hyh))=(6.4), (A 1,)=(9.0,6.0)
1 1 1
0.5 0.5 0.5
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(gi)=(6.4), (i )=(7.045)  (yiig)=(6.4) (L )=(7.0.45)  (rii)=(6.4), (1.,)=(7.0.4.5)

Fig. 9.2. Reconstruction results. Dashed-dotted circles by the linear method and
dashed circles by the quadratic method. The three upper cases have stiff inclusions
with (A, t) = (9,6), (A, 1) = (6,4) and the three lower cases with (A, &) = (6,4),
(A, 1) = (9,6). We use the notation Ao, o for A, u and A1, 1 for X,ﬁ

We now summarize the ellipse identification algorithm.

Ellipse reconstruction procedure. Let M;;g be the reconstructed EMT.
Given a tolerance 7, if both |M{y + M32| and |M}{ — M33| are smaller than
7, then find the disk of the size found in the previous subsection. If either
| M3 + MJ3| or |[M{] — M33| is larger than 7, then
(E1): Determine the angle of rotation 6 by solving (9.15), namely
M+ M3 1 T
T a2, 0<6< L.
MiI-mz 2™ =73
(E2): Using the angle 6 found in (E1), solve (9.16) to find J\/Z;g:

2 2
A7 +k+p+i Kl
My = E E (1) rugTikT My,

u,v=1k,l=1

Ti1 T2\ cosf) —sinf
791 T92 sinf cosf ) °

where
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(Agphtg)=(6,4), (A,,1,)=(9,6) (gphtg)=(4.6), (A,,1,)=(6,9)
0.5 0.5
0.4 0.4
°%- 0.3 °%- 0.3
0.2 - 0.2
0.1 0.1
o0 0.1 0.2 0.3 0.4 00 0.1 0.2 0.3 0.4

Fig. 9.3. Computed radius ¢ on three different computational grids. The dotted

line for 48 x 48, dashed line for 64 x 64, and solid line for 128 x 128 grid coincide
well.
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-0.5 -0.5 = -05
-1 -1 -1
-1 05 0 05 1 -1 -05 0 05 1 -1 -05 0 05 1
(ghg)=6.4), (11 )=(006.0)  (yh)=(6.4), (L 1)=(0.060)  (kyitp)=(6.4), (A, ,)=(9.0,6.0)
1 1 1
P TN
0.5 y N, 0.5 PSR 05
, \ / N\
0 \ / 0 \ 0 7
| e
\ / \O’ e
Qs - / . \
-05 -05 L _/ 051
- N7
-1 -1 -1
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(A gk )=(9:6), (A;.11,)=(6.0,4.0) (hyhtg)=(9,6), (A,11,)=(6.0,4.0) (Aykt)=(9,6), (A,,11,)=(6.0,4.0)
Fig. 9.4. Reconstruction of general shape inclusion.

(E3): Find |D| and m by solving (9.18):

2(mi} + 2mi2) — (il + m23) = 2(Mi3 + 2Mi2) — (Mif + M22)

~12 _ 7712
miy = M5 .
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Fig. 9.5. Computed ellipses for various inclusions marked with solid curves. The
centers of dotted ellipses are computed by the linear method and dashed-dotted ones
by the quadratic method.

The relation between | D], m and mJ is given by (7.48), (7.51), and (7.58)

if the Lamé constants (), Ji) are known. Otherwise, it is given by (7.63)
(resp. (7.66)) if the reconstructed EMT is negative-definite (resp. positive-
definite).

(E4): Among the solutions in (E3), choose a one which minimizes the quantity
given in (9.17):

[t = M| +]m35 — M33|+|mb; — Mg |+|mi5 - Mi3|

Example 4: In this example, we test the algorithm using the same domains
as in Example 3. Fig. 9.5 shows the reconstructed ellipses when their Lamé
constants (A, ft) are known. It is not surprising that the ellipse recovery method
gives perfect size information for the disks and ellipses, as shown in the first
diagram in Fig. 9.5, since the information on the Lamé constants (A, ) is
used.
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Suppose that an electromagnetic medium occupies a bounded domain {2 in
]Rd, with a connected Lipschitz boundary 9f2. Suppose that {2 contains a
finite number m of small inclusions { D4}, each of the form D; = § B, + z,
where Bs, s = 1,...,m, is a Lipschitz bounded domain in RY containing the
origin?. We assume that the domains {D;}™ ;| are separated from each other
and from the boundary. More precisely, we assume that there exists a constant
co > 0 such that

|2s — 25| > 2c0 >0,Vs#s and dist(zs,002) > 2¢o >0,V s,

that ¢, the common order of magnitude of the diameters of the inclusions, is
sufficiently small, that these inclusions are disjoint, and that their distance
to R? \ {2 is larger than cy. Let uo and €y denote the permeability and the
permittivity of the background medium {2, and assume that po > 0 and g > 0
are positive constants. Let us > 0 and €5 > 0 denote the permeability and the
permittivity of the s-th inclusion, Dy, which are also assumed to be positive
constants. Introduce the piecewise-constant magnetic permeability

o, € N\U™, Dy,
po(x) =
s, TEDg, s=1...m.

If we allow the degenerate case 6 = 0, then the function po(z) equals the
constant po. The piecewise constant electric permittivity, es5(x), is defined
analogously.

Let the electric field w denote the solution to the Helmholtz equation

1
V-(M—Vu)+w255u =0 in 2,
5

2 We use § instead of € for the small parameter to avoid possible confusion with
the notation for the permittivity.
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with the boundary condition u = f € W?2(9£2), where w > 0 is a given
2
frequency. This problem can be written as

(A + w?eouo)u =0 in 2\ U™, Dy,
(A+w?esus)u=0 inD,,s=1,...,m,
i%_—i%+_o ondDg,s=1,....,m,
uL—uM:O on dDg, s =1,....,m,

u=f ondf2.

In this part we are concerned with the detection of unknown electromag-
netic inclusions Dy, s = 1,...,m, by means of a finite number of voltage-to-
current pairs (f, Ou/0v|sn) measured on 9f2.

Possible applications of this problem include acoustical sounding of bio-
logical media, underwater acoustics [250], and electromagnetic induction to-
mography for imaging electrical property variations in the earth [262].

The use of the formal equivalence between electromagnetics and linear
acoustics, by term-to-term replacing permittivity and permeability by com-
pressibility and volume density of mass, and the scalar electric field by the
scalar acoustic pressure characteristic of compressional waves inside fluid me-
dia opens up the investigation below to many other applications, being said
that the type of materials and of geometrical configurations investigated and
the range of values that are allowed to be taken by the two sets of parameters
in either discipline may differ considerably in practice.

A number of algorithms have been proposed for the numerical treat-
ment of inverse problems for the above Helmholtz equation. In the design
of such schemes, two fundamental difficulties have to be overcome: nonlinear-
ity and ill-posedness. The existing attempts to solve inverse problems for the
Helmholtz equation include linearized inversion schemes [161, 220, 134, 11],
methods based on nonlinear regularization techniques [179, 54, 103, 130, 107,
135], and a continuation method in frequency [75, 88, 76, 42, 41]. The third
technique is a promising new approach based on recursive linearization on the
frequency that makes use of multi-frequency data.

Following our approach throughout this book, we design efficient and ro-
bust algorithms to reconstruct the location and certain geometric features of
the electromagnetic inclusions Dy.

Results similar to those presented in this part have been obtained in the
context of the full (time-harmonic) Maxwell equations in [31].

Most of the results presented in Part III are from [19] and [20].
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Well-Posedness

In this chapter, by using the theory of collectively compact operators, we
prove existence and uniqueness of a solution to the Helmholtz equation

(A +w?eopo)u =0 in 2\ U™, Dy,

(A+w?esus)u=0 inD,,s=1,...,m,
i%—$%+:0 ondD,,s=1,...,m, (10.1)
u|7—u|+:O on dD,,s=1,...,m,

u=f ondf?,

assuming that

w?egpo is not an eigenvalue for the operator — A in L?(£2)

with homogeneous Dirichlet boundary conditions.  (10.2)

10.1 Existence and Uniqueness of a Solution

In order to define the natural weak formulation of the problem (10.1), let as
denote the sesquilinear form

1
as(u,v) = /Q %VU Vo — w? /Q EsUV , (10.3)

defined on W, %(£2) x Wy?(£2). Let b be a given conjugate-linear functional
on W, (£2). Our assumption (10.2) is that the variational problem

ao(u,v) = b(v) for all v € W, 2(2)

has a unique solution. The following lemma from [259] shows that the assump-
tion (10.2) also leads to the unique solvability of (10.1).

H. Ammari and H. Kang: LNM 1846, pp. 179-183, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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Lemma 10.1 Suppose (10.2) is satisfied, and let as,0 < 6, be the sesquilinear
forms introduced by (10.3). There exists a constant 0 < &y, such that given
any 0 < & < 8, and any bounded, conjugate-linear functional, b, on Wy *(£2),
there is a unique u € Wy > (£2) satisfying as(u,v) = b(v) for all v € Wy*(02).
Furthermore, there exists a constant C, independent of 6 and b, such that

ullwrze) < C sup [b(v)] -
UEWOIQ(Q%HU”WL?(Q):l

Proof. In order to prove this lemma it is convenient to introduce a decom-
position of as. Pick a fixed positive constant, A\, with A > w?, and write as as
as = As + Bg, where

1
As(u,v) = —Vu~Vv—|—()\—w2)/ g5Uv
2 Hs Q

Bs(u,v) = —)\/ E5UV .

02

Suppose (10.2) is satisfied. Then the sesquilinear form Ay is uniformly contin-
uous and uniformly coercive on VVO1 2(£2) x WO1 2(£2). Tt is also convenient to
introduce a family of bounded linear operators Kz : Wy *(£2) — W, %(£2) by

As(Ksu,v) = Bs(u,v) = —)\/ gsuv
2

for all u and v in W, 2(£2).

Let §,, be a sequence converging to zero. We first show that the linear oper-
ators {Ks, } are compact and K3, converges pointwise to Ky as d,, approaches
0. We remind the reader that the operators {Kjs,_ } are collectively compact iff
the set {Kjs, (u) :n > 1,u € W,*(92), [[ullwr2(o) < 1} is relatively compact

(its closure is compact) in Wy (£2).
Fix u € Wy?(£2), then

Aén((Kén - Ko)u7 'U) = Bén (u7 /U) - BO(U, /U) + AO(KOH, 'U) - A(Sn (KOU, /U) b
for all v € W, *(£2). We easily see that

sup |Bo(u,v) — Bs, (u,v)] — 0, (10.4)
UEW()Lz(Q)a”UHWl,Z(Q):l

as 0, — 0. It is also clear that

sup | Ao (Kou,v) — As, (Kou,v)| — 0, (10.5)

VEW L (Q), 1]l y1,2 ) =1

as 0, — 0. A combination of (10.4) and (10.5) yields
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sSup |As,, (K, — Ko)u,v)| — 0,
VEW 2 (2),][v]lwi2(m)=1

as 8, — 0. Since Aj, is uniformly coercive on Wy ?(£2) x W, %(£2), it follows
now that
|[(Ks, — Ko)ullwr2() — 0,

as 0, — 0. This verifies the pointwise convergence of the operators { K, }.
Let K, (un,) be any sequence from the set

{K(;n(u) in > 1u € Wy (02), |[ullwreo) < 1} .

In order to verify the collective compactness of the operators {Ks_ } we need
to show that the sequence K, (u,,) contains a convergent subsequence. By
extraction of a subsequence (still referred to as K- (uy,)) we may assume that
either: (1) 7,,, = 7 is constant (i.e., independent of m) or: (2) 7, — 0 as m —
+00. We may also assume that u,, converges weakly to some us, € WO1 2((2)
We introduce the sequence u;,, = Uy, — Uoo. Clearly ||uy,|[w1.2(2) < 2 and uy,
converges weakly to zero. Since the imbedding W, (§2) < L(§2) is compact,
this gives that u!, has a subsequence (still referred to as u/,) converging
strongly to zero in L?({2). From the definition of K it follows immediately

Tm

that
sup Az, (K7t v)| = sup | Br.,, (ttp,, 0)]
vEWE(@),l[0llyp1.2 gy =1 vEWEZ(@) ][0l lyp1.2 gy =1
< Cllup,|r2(e) -
Since A;,, is uniformly coercive and since ||u],||12(o) — 0, we conclude from

the above estimate that ||K, uy,||lw12(0) — 0, which is exactly what we are
aiming at.
We want now to solve the variational problem:

Find u € W, "?(£2) such that as(u,v) = b(v) for all v e W, 2(£2). (10.6)
This problem can be rewritten as
As(u,v) + Bs(u,v) = b(v) for all ve Wy?(82),
or as
As((I + Ks)us,v) = b(v) for all v e Wy2(£2) . (10.7)

Since As is uniformly continuous and coercive on VVO1 2(£2), it now follows
that the variational problem (10.7) is equivalent to the problem of finding
1,2
u € Wy"(£2) such that
I+ Ks)u=F;.

Here the function Fs € W, () is defined by As(Fs,v) = b(v) for all v €
WO1 2(£2), and therefore satisfies
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[ Fs] w20y < C sup [b(v)] - (10.8)

VEWE2(2), 0]l 1,2y =1

By the same arguments as we just went through earlier in this proof, the
original variational problem to find U € W,"*(£2) such that ao(U,v) = b(v)
for all v € Wy"*(£2) is thus equivalent to the problem to find U € W,*(£2)
such that (I 4+ Ko)U = Fy with Fy € W,*(£2) defined by Ao(Fy,v) = b(v) for
all v € VVO1 ’2((2). The fact that this problem has a unique solution (assump-
tion (10.2)) implies that I + K is an invertible operator. For any sequence
0, converging to zero we have already verified that the operators {Kjs, } are
collectively compact and converge pointwise to Ky. From the theory of collec-
tively compact operators [35] (see Theorem A.4 in Appendix A.3) it follows
that there exists a constant 0 < dg, such that given any 0 < § < &g, the
operator I 4+ K is invertible with

(I + K5) ™' Fs|lwr2 ) < Cl|Fsllwr2 (o) (10.9)

for some constant C, independent of §. It then follows from (10.8) and (10.9)
that the variational problem (10.6) has a unique solution u € W, *(£2) satis-
fying
ullwr20) < C sup [b(v)] -
vEW 2 (92),][v] 1,2 gy =1

Thus the proof of Lemma 10.1 is complete. 0O
Suppose that there exists a constant ¢y > 0 such that

|zs — 25| > 2¢0 >0,Vs#s and dist(zs,002) > 2¢o >0,V s. (10.10)
Using the above lemma we can show as in [259] that the following holds.

Proposition 10.2 Suppose (10.10) and (10.2) are satisfied. There exists 0 <
S0 such that, given an arbitrary f € W2(902), and any 0 < § < &, the
2

boundary value problem (10.1) has a unique weak solution u in W12(£2). The
constant 0y depends on the domains {Bs}Tq, (2, the constants {us, €5},
and co, but is otherwise independent of the points {zs}7,. Moreover, let U
denote the unique weak solution to the boundary value problem:

(A +wieouo)U =0 in 2,
U=f ondf2.

There exists a constant C, independent of § and f, such that
d
[l = Ullwr2(0) < C82|[fllw2 (a0) -
2

The constant C' depends on the domains { Bs}71, §2, the constants {ps, s},
and co, but is otherwise independent of the points {zs}7 ;.



10.1 Existence and Uniqueness of a Solution 183

Proof. The function u — U is in W, ?(£2), and for any v € W, *(£2)

as(u—U,v) = iV(u—U)-Vv—cuz/55(u—U)v
2 Hs Q
_Z/ [———)VU Vo + w?(e, —EO)UU].
dBs+zs Ho Hs
Next

‘/ {———)VU Vo + w?(es —EO)UUH
OBs+zs Ho Hs

is bounded by

CllUllwr26B, 420l Vllwiz ) -

Since the inclusions are away from the boundary 02, standard elliptic regu-
larity results give that

[Ullwr. (6B, +2.) < CllUlwr2(e) < CHfHW%(a_Q) )
and so
1Ullwr2(s5. 42 < Ullwr= 65,4200 [Bal < Co¥lIfllws o) -
From Lemma 10.1 it then follows immediately that

d
lu = Ullwr2(e) < €62 HfHWi(OQ) )
2

exactly as desired. O
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Representation of Solutions

In this chapter we derive representation formulae for the solution to the trans-
mission problem

1
V- (—Vu) +w?esu=0 in 2, (11.1)
s

similar to (2.17) and (2.19).

11.1 Preliminary Results

We begin this chapter by deriving the outgoing fundamental solution to the
Helmholtz equation. We refer to the books of Colton and Kress [90], [91] and
the one of Nédélec [224] for detailed treatments of the Helmholtz equation,
emphasizing existence and uniqueness results for the exterior problem.

Let 2 be a bounded domain in IR¢,d = 2 or 3, with a connected Lipschitz
boundary, a permeability equal to po > 0, and a permittivity equal to g9 > 0.
Consider a bounded domain D CC {2 with a connected Lipschitz boundary,
a permeability 0 < p # pg < 400, and a permittivity 0 < € # g9 < 4+o00. Let
ko := w/Eopo and k := w,/p, where w > 0 is a given frequency.

A fundamental solution I (z) to the Helmholtz operator A + k2 in IR? is
a solution (in the sense of distributions) of

(A+ k), = b, (11.2)

where g is the Dirac mass at 0. Solutions are not unique, since we can add
to a solution any plane wave (of the form ¢*?* § ¢ R? : |§] = 1) or any
combination of such plane waves. We need to specify the behavior of the
solutions at infinity. It is natural to look for radial solutions of the form
I'y(x) = wg(r) that is subject to the extra Sommerfeld radiation condition or
outgoing wave condition

< Cr~[@HD/2 gt infinity. (11.3)

‘% — kak

H. Ammari and H. Kang: LNM 1846, pp. 185-195, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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If d = 3, equation (11.2) becomes

1d 2 dwk 2
——7r"— + k*wp, =0, r>0,
r2dr dr k
whose solution is
eik:r e—ik:r
wi(r) =1 + ¢y .
r r

It is easy to check that the Sommerfeld radiation condition (11.3) leads to
¢ = 0 and then (11.2) leads to ¢; = —1/(4m).
If d = 2, equation (11.2) becomes

This is a Bessel equation whose solutions are not elementary functions. It
is known that the Hankel functions of the first and second kind of order
0, Hél)(kr) and Héz)(kr), form a basis for the solution space. At infinity

(r — 400), only Hél)(k:r) satisfies the outgoing radiation condition (11.3).
At the origin (r — 0), Hél)(kr) behaves like Hél)(kr) ~ (2i/m) log(r). The
following lemma holds.
Lemma 11.1 The outgoing fundamental solution I'y(x) to the operator A +
k2 is given by ’
—ZHi(k|2)), d=2,
N =4
k = 67.k|z|
dr|z|

for x # 0, where Hi is the Hankel function of the first kind of order 0.

d=3,

Let for x # 0
1
2—10g\13\, d=2,
Iy(w)=T(z) =4 “" 4

dmlx]

d=3.

For a bounded domain D in IR? and k > 0 let S¥ and D¥ be the single
and double layer potentials defined by I, that is,
Shew) = [ Nle=wet)dos) . aeR,
D

Dho(o) = [ PBE=M o) aoty), v emi\oD,

for ¢ € L?(0D). Because I, — I} is a smooth function, we can easily prove
from (2.12) and (2.13) that
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8(275)@ i(:10) = (j: %I—l— (/lej)*)go(x) a.e. z € 9D , (11.4)
(DY) i(a:) = <:F %I—!—IC’B)@(@”) a.e.x € 0D, (11.5)

for ¢ € L?(dD), where K% is the operator defined by

Khep(x) =p~V~/ Mw(y)da(y), (11.6)

oD vy
and (K%)* is the L2-adjoint of K%, that is,

Ol (z —y)

(b ole) = pv. [ ZETD p(y)doy). (1L7)

oD

The singular integral operators K% and (K%))* are bounded on L?(9D).
We will need the following important result from the theory of the
Helmholtz equation. For its proof we refer to [91] (Lemma 2.11).

Lemma 11.2 (Rellich’s lemma) Let Ry > 0 and Br(0) = {|z| < R}. Let
u satisfy the Helmholtz equation Au+k3u =0 for |x| > Ry. Assume, further-
more, that

lim lu(x)|* do(x) = 0.
R=+c JoBR(0)

Then, w =0 for |z| > Ry.

Note that the assertion of this lemma does not hold if kg is imaginary or
ko =0.
Now we can prove the following uniqueness result.

Lemma 11.3 Suppose d = 2 or 3. Let D be a bounded Lipschitz domain in
RY. Let u € W22 (R \ D) satisfy

Autkiu=0 nRN\D,
Ou
Olz|

%/ ﬂ%d(f:().
oD 81/

Then, v =0 in R®\ D.

—ikou| = O(:c_(d+1)/2> as || — +oo  uniformly in L

x|

Proof. Let Br(0) = {|z|] < R}. For R large enough, D C Bg(0). Notice
first that by multiplying Au + k3u = 0 by u and integrating by parts over
Bgr(0)\ D we arrive at

%/ ﬂ@dazO,
oBr(0) OV
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since

%/ ﬂ@dozo.
oD 31/

0
%/ ﬂ(—u - ikou) do = —ko/ ul? .
0Br(0) \OV 9BRr(0)

Applying the Cauchy—Schwarz inequality,

1/2
b e)ol= ()
9Br(0) \OV 9B r(0) 9B r(0)

and using the Sommerfeld radiation condition

0
ou — O 2|7 #/2)  as | — +o0
Olz|

1/2
’%/ ﬂ(% —ik’ou) do| < ¢ (/ u|2) ,
9Br(0) \OV R\ JoaBg(0)

for some positive constant C' independent of R. Consequently, we obtain that

, /2~
‘u| <=5,
9BR(0) R

which indicates by the Rellich’s Lemma that u = 0 in IR? \ Br(0). Hence, by
the unique continuation property for A + k3, we can conclude that u = 0 up
to the boundary dD. This finishes the proof. O

But

ou .
a—lkou

2 1/2
da)

— ikou

we get

11.2 Representation Formulae

We now present two representations of the solution of (11.8) similar to the

representation formula (2.39) for the transmission problem for the harmonic

equation. Let f € W?%(9£2), and let v and U denote the solutions to the
2

Helmholtz equations

1
V-(M—Vu)—szegu =0 in 2,
5

(11.8)
u=f on 02,
and
AU + w? U=0 in 2,
weokio - (11.9)
U=f onodf2.

The following theorem is of importance to us for establishing our repre-
sentation formulae.
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Theorem 11.4 Suppose that k3 is not a Dirichlet eigenvalue for —A on D.
For each (F,G) € WZ(0D) x L?(0D), there exists a unique solution (f,g) €
L?(0D) x L?(0D) to the system of integral equations

Shf-Spg="F

10SEH| 1 9(SEg) on D . (11.10)
uwo Ov o Ov +_

Furthermore, there exists a constant C independent of F' and G such that

1l om + lgllzoom) < c(wnwm ; |G||Lz<aD>) AR E)

where in the three-dimensional case the constant C can be chosen indepen-
dently of ko and k if ko and k go to zero.

Proof. We only give the proof for d = 3 and py # u leaving the general case
to the reader. Let X := L?(0D) x L?(0D) and Y := W2(0D) x L*(0D), and
define the operator T': X — Y by

— (st ko 1O(SHS) 1 9(Syg)
o= (- L - L2500 )

We also define Tj by

— (g0 o 10(Spf) 1 9(8%9)

We can easily see that Sk — 89 : L2(dD) — W2(AD) is a compact operator,
and so is ZSP |y — Z8Y|s : L2(0D) — L*(dD). Therefore, T — Ty is a
compact operator from X into Y. It can be proved that Ty : X — Y is
invertible. In fact, a solution (f,g) of the equation Ty(f, g) = (F,G) is given
by

f=g+(Sp)N(F)
11

_ MHop *\ — el * —
5= UL+ ) (64 2T - ()BT )

where A = (u+ po)/(2(1 — o). Recall now that the invertibility of S%, and
M +(K%)* was proved in Theorems 2.8 and 2.13. Thus we see, by the Fredholm
alternative, that it is enough to prove that T is injective.

Suppose that T'(f, g) = 0. Then the function u defined by

[ Skg(z) ifzxeRI\D,
u@) = {S’f,f(x) ifreD,
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is the unique solution of the transmission problem (11.8) with {2 replaced
by R? and the Dirichlet boundary condition replaced by the Sommerfeld
radiation condition

’ ou

%(x) —ikou(zx)

= O(ja| =V Ja] - oo

Using the fact that

1o} 0
/ T gdo =t [ Y ada:@/(\vu\2_k2|u\2)dx,
ap OV + w Joap Ov|_ H Jp
we find that 5
%/ au udo =0,
oD 31/ +

which gives, by applying Lemma 11.3, that © = 0 in R¢ \ D. Now u satisfies
(A+k*)u=0in D and u = Ou/Ov = 0 on dD. By the unique continuation
property of A+ k2, we readily get « = 0 in D, and hence in R%. In particular,
Sg’g = 0 on 9D. Since (A + kg)Sg’g = 0 in D and k2 is not a Dirichlet
eigenvalue for —A on D, we have Sg’g = 0 in D, and hence in R%. It then
follows from the jump relation (11.4) that

_0Spa)| _9SED| _y onop
o |, ov |_ '

On the other hand, S§ f satisfies (A + k?)Skf = 0in R*\ D and Spf = 0
on 0D. It then follows from Lemma 11.3 (see also Theorem 3.7 of [91]), that
Sk f = 0. Then, in the same way as above, we can conclude that f = 0. This
finishes the proof of solvability of (11.10). The estimate (11.11) is an easy
consequence of solvability and the closed graph theorem. Finally, it can be
easily proved in the three-dimensional case that if kg and k£ go to zero, then
the constant C' in (11.11) can be chosen independently of kg and k. We leave
the details to the reader. O
The following representation formula holds.

Theorem 11.5 Suppose that k3 is not a Dirichlet eigenvalue for —A on D.
Let u be the solution of (11.8) and g := $%|oq. Define

H(z) = —S(9)(w) + DE(f)(), = e R4\ 02, (11.12)
and let (p,v) € L*(0D) x L*(dD) be the unique solution of

She —Sp=H
la(sgw)’ C19SyY)| 1 0H on 0D . (11.13)

uw Ov po  Ov |, N uoa
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Then u can be represented as

H(z) +SYy(z), ze\D,
ey = {H@)+ 850w \ -
Sho(x), zeD.
Moreover, there exists C' > 0 independent of H such that
lelloon) + 1oy < (WAoo + IV HlLoan) ) - (1119

Proof. Note that u defined by (11.14) satisfies the differential equations and
the transmission condition on 9D in (11.8). Thus in order to prove (11.14),
it suffices to prove that du/0v = g on 92. Let f := u|sn and consider the
following transmission problem:

(A+k3Hv=0 in(2\D)U(R\ ),
(A+k*)v=0 inD,
vl —v|+ =0, 1o0) 1w =0 ondD,
povi_ o dvi, (11.16)
ov ov
— = —_— —_— = Q
U‘ U|+ fv v B v . g on a )
v , —(d+1)/2
W(I) —ikov(z)| = O(|z| ). |zl —o0.

We claim that (11.16) has a unique solution. In fact, if f = g = 0, then we
can show as before that v = 0 in IR% \ D. Thus

ov
0= 22

=35 =0 ondD.

By the unique continuation for the operator A + k2, we have v = 0 in D, and
hence v = 0 in IR%. Note that vp, p = 1,2, defined by

u(z), =€, H(z) + Sky(x), ze2\D,

vi(z) = dy = va(z) = .
Oa IEIR\“Qa SD@(I)7 IED,

are two solutions of (11.16), and hence v; = vo. This finishes the proof. O

Proposition 11.6 For each n € IN there exists C, independent of D such
that

[Hllenpy < Cullfllwz 002) -
2
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Proof. Let g := 0u/0v|sn. By the definition (11.12), it is easy to see that

Hlex < €(lalhwe, o) + I hwiom )
2 2

where the constant C' depends only on n and dist(D,9f2). Therefore it is
enough to show that

lgllw= | 02) < Clifllwz 00
2 2
for some C independent of D.
Let ¢ be a C*-cutoff function which is 0 in a neighborhood of D and 1 in

a neighborhood of 92. Let v € W%(92) and define v € W12(£2) to be the
2
unique solution to A7 = 0 in 2 and ¥ = v on 9. Let (, ) denote the

W2 — W?2, pairing on 2. Then
2 2

1 _ 1
2'7 2

(v,g);fé :/ A(apu)”ﬁda:—i—/ V(pu) - Vo dz
o) I7)

:/ Aapuﬁdm—l—2/ Vo - Vuvdr — k:g/ puv dx
Q Q Q
+/ V(pu) - Vo dz .
Q
Therefore, it follows from the Cauchy—Schwartz inequality that
|<U79>%,—%| < C”’U’HWLZ(Q\E)||5HW1‘2(Q) < CHUHWL?(Q\E)H”HWi(aQ) .
2
Since v € W2(912) is arbitrary, we get
2
lgllw= | 02) < Cllullyr2(a\p) - (11.17)

2

Note that the constant C' depends only on dist(D, d(2). On the other hand,
since k3 is not a Dirichlet eigenvalue for the Helmholtz equation (11.8) in 2
we can prove that

[ullwr22) < Cllfllwz (20) -
2
where C' depends only on w?, jig, i1, €9, and €. It then follows from (11.17) that
l9llw= | 02) < Clifllwz @0) -
2 2

This completes the proof. O

We now transform the representation formula (11.14) into the one using
the Green’s function and the background solution U, that is, the solution of
(11.9).
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Let Gy, (z,y) be the Dirichlet Green’s function for A + &k in £2, i.e., for
each y € {2, G is the solution of

(A+ k)G (2,y) = 6,(x), €2,
Gio(z,y) =0, z€012.

Then,
v - [ Wowo:9) ppity), zen.

vy

Introduce one more notation. For a Lipschitz domain D CC 2 and ¢ €
L?(0D), let

Gigels) = [ Gu(wply)doly) . v T,
oD

Our second representation formula is the following.

Theorem 11.7 Let ¢ be the function defined in (11.13). Then

(x) + 8(%7%)@(@ , T€EON. (11.18)

ou, _oU
az/x T v

To prove Theorem 11.7 we first observe an easy identity. If z € IR \ 12
and z € {2 then

OG, (7,
/ Fko(a:—y)g)iy) do(y) = Iy (x — 2) . (11.19)
a9 by Elo)
As a consequence of (11.19), we have
1 kovs ) [ OGro (%) Oy, (xz — 2)
(2‘[ + (K:_Q) ) ( 8l/y 00 (l’) - 8l/r 9 (1120)

for all x € 042 and z € (2.
Our second observation is the following.

Lemma 11.8 IfkZ is not a Dirichlet eigenvalue for —A on 2, then (1/2) I+
(]Cl;zo)* : L2(002) — L2(012) is injective.

Proof. Suppose that ¢ € L?(0§2) and ((1/2) I+ (K?f)*)@ = 0. Define

u(z) = SHo(x) o c R\ 2.

Then w is a solution of (A + k2)u = 0 in IR?\ 12, and satisfies the Sommerfeld
radiation condition

ou
Olz|

—ikou| = O<|x|_(d+1)/2) as x| — +o0,
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and the Neumann boundary condition

@
ov

1
= <—I+ (lC’}?)*)gp =0.
00 2

Therefore, by Lemma 11.3, we obtain SE¢(z) = 0, x € R\ 2. Since k? is
not a Dirichlet eigenvalue for —A on {2, we can prove that ¢ = 0 in the same
way as before. This completes the proof. 0O

With these two observations available we are now ready to prove Theorem
11.7.

Proof of Theorem 11.7. Let g := 0u/0v and gy := OU/Ov on 02 for conve-
nience. By the divergence theorem, we get

Uz) = =S8 (90)(2) + Dy (f)(w) , z €.
It then follows from (11.12) that
H(z) = =57 (9)(2) + 8 (90) () + U(z) , w€ 2.

Consequently, substituting (11.14) into the above equation, we see that for
x €S2

ko
i) ==ty (55| + 2B o)+ sty @)+ V)

Therefore the jump formula (11.4) yields

OH 1 kove ) ((OH
o ( 21+<’<n>)(a,,

+(%I + (IC’ES)*)(go) on 942..

A(SH)

ov

89) (11.21)

By (11.20), we have for x € 012

WED) gy = [ OMhale =0y 4o
oD Vg

v
- <lz+ (/C’;;)*) (‘9(07'31/’)
(— iy (ic’;;)*) (‘9(5715”/’)

2
2 ov a(z>

= (51+ ) ((— g+t ) (2980

>(x) . (11.22)

Thus we obtain

) on 012 .
a0
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)

It then follows from (11.21) that
1 OH 1 (G
<—I+ (lC’};)*) — + (— I+ (lC’;;)*) <7( pv)
2 v g0

2 v
on 0f2 and hence, by Lemma 11.8, we arrive at

+ (— %H (/C’;;)*) (8(%7%””)

on
ov

)—gozo on 9f2. (11.23)

on on

By substituting this equation into (11.14), we get

ou  oU L o) (9(GR) A(Sp)
v v ( 21+(K9) )( ov 20 + ov on 942

Finally, using (11.22) we conclude that (11.18) holds and the proof is then
complete. O

Observe that, by (11.4), (11.23) is equivalent to

ko
2<H+S§O(LGD¢) >—U>‘ —0 ondQ.
o0 —

v v
On the other hand, by (11.19),

o (0GB

)(x) = Shop(z), zedn.
o0

Thus, by (11.14), we obtain

A(GEY)

H(z) + S <731/

>(m)—U(gc):O, x €012,
a0

Then, by the unique continuation for A+ k2, we obtain the following Lemma.
Lemma 11.9 We have

ko
H(z) = U(z) - Sk (L%ﬁ &

>(x) . e, (11.24)
o0
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Derivation of Asymptotic Formulae

Suppose that the domain D is of the form D = 0B + z, and let u be the
solution of (11.8). The function U is the background solution as before. In
this chapter we derive an asymptotic expansion of du/dv on 92 as § — 0 in
terms of the background solution U. The leading-order term in this asymptotic
formula has been derived in by Vogelius and Volkov in [259] (see also [25]
where the second-order term in the asymptotic expansions of solutions to the
Helmholtz equation is obtained). The proof of our asymptotic expansion is
radically different from the variational ones in [259, 25]. It is based on layer
potential techniques and the decomposition formula (11.14) of the solution to
the Helmholtz equation. For simplicity, although the asymptotic expansions
are valid in the two-dimensional case we only consider d = 3 in what follows.

12.1 Asymptotic Expansion

We first derive an estimate of the form (11.15) with a constant C independent
of 4.

Proposition 12.1 Let D = 6B + z and (¢,¢) € L*(0D) x L*(0D) be the
unique solution of (11.13). There exists 69 > 0 such that for all § < &y, there
exists a constant C independent of § such that

nwnLaaD>+-nw|anD>f;cr(a1nf1nLaaD>+-|VUfnLa@D)). (12.1)

Proof.  After the scaling x = z + dy, (11.13) takes the form

1
SE s — Spops = < Hs

0
LO(SHes)| 1 oSk )| 1 ooms M OB
n o Ov 1o v " ~ Spp Ov

H. Ammari and H. Kang: LNM 1846, pp. 197205, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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where ¢5(y) = (2 + dy), y € OB, etc, and the single layer potentials S&° and
811;05 are defined by the fundamental solutions I'ys and I%,s, respectively. It
then follows from Theorem 11.4 that for § small enough the following estimate
holds:

lesllz2om) + sl L2omy < CO [ Hsllw2(am)
for some constant C' independent of ¢. By scaling back, we obtain (12.1). O

Let H be the function defined in (11.12). Fix n € IN, define

Hn(l‘) _ Z 82H(Z) (I—Z)Z ,

7!
li]=0

and let (¢, ¥, ) be the unique solution of

Slgﬂpn - Slz)oql}n — Idn41

10(Shen)| 1 0(SHPa)| _ 1 0Huga on D . (12.2)
W ov o  Ov n o Ov

Then (¢ — ¢n, ¥ — 1y,) is the unique solution of (12.2) with the right-hand
sides defined by H — H,,11. Therefore, by (12.1), we get

¢ — enllzzap) + 1 — ¥nllL25D)

» (12.3)
<C\ 07 H — Hyy1llz2op) + [IV(H — Hpy1)l 225Dy ) -

By the definition of H, 11, we have
|H — Hyi1 1200y < ClODV?|H — Hyi1 || 1 (o)
< C|3D\1/25n+2“Hch+2(E) )

and
IV(H = Hop1)| 22 (o) < ClOD|Y 26" H oo ) -

It then follows from (12.3) and Proposition 11.6 that
lo = @nllz2op) + 1Y = YallL2(op) < ClOD|Y267 . (12.4)

By (11.18), we obtain

Y OGP Yn) G (b = 1bn))
a(x) = 5(1’) + T(z) + T(x) , €.
Since dist(D, 8£2) > ¢o, we get
0G}, ’
su —(x, <C
©€0Q, EeaD ov (@)
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for some C. Hence, for each x € 942, we have from (12.4)

/s

< C‘aD|1/2‘aD|1/25n+1 < C/5n+d ,

DG (1) — ) i
— 1Y = nllL20D)

(il? aGko (377 Yy
v -

O ) ‘2 do(y)

where C' and C’ are independent of x € 92 and §. Thus we conclude that

ou U (G ,)

o (@) v

a(x) = (z) +O(6" ) | uniformly in x € 92 . (12.5)

For each multi-index i, define (p;, ;) to be the unique solution to

SH o — Spoyy = o

1OSEe)| 1 0S| _ 100t ondB. (126)
w o Ov po v | po Ov
Then, we claim that
n+1 i
i—10"H(z _
onle) = 3 01 PHE o102y
|i|=0 ’
n+1 ;
G_10"H(z _
Un () = Z 5l 1#1%(5 1(1, —2)).
|i]=0 ’

In fact, the expansions follow from the uniqueness of the solution to the inte-
gral equation (11.10) and the relation

n+1 i >
sk (Z i1 HE) ) sor z>>) (@)

7!
|i|=0
n+1 i

=3 B st 5w - 2)),

et i!

for x € OD. It then follows from (12.5) that

0y = U gy 1 3 i1 201) 0

ov' ov

|i]=0
+O(§n+d) ,

ko (h (67 1(- — 2 x
T 9,0 Wi (= 2)))(@) (12.7)

uniformly in = € 92. Note that
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GRWi(6 (=2 @)= | Grola, )0 (y — 2)) do(y)

oD

=gd-t G, (x, 0w + 2)¢;(w) do(w) .
OB

Moreover, for x near 012, z € 2, w € OB, and sufficiently small §, we have

Sl
Gro(x, 0w+ 2) = Z —aijO(a: 2w’ .
171=0 |
Therefore, we get
Slil+d—1

G’BJ (Wi (67— 2)(z) = Z 7 H Gy (2, 2) /63 wp; (w) do(w) .

l7]=0

Define, for multi-indices ¢ and j in ]Nd7

Wij = /aB w]m(w) da(w) . (128)

Then we obtain the following theorem from (12.7).

Theorem 12.2 The following pointwise asymptotic expansion on 02 holds:

n+1 n—|jl+1 ;
ou aU P, O] o r ) 004G, (. 2)
5( x) = ) +6 Z Z il H(z) EO

ij
131=0 [il=0 (12.9)

+O(5n+d) ,

where the remainder O(6%+™) is dominated by C’éd+"||f||W§ (o) for some C
2

independent of x € 012.

In view of (11.18), we obtain the following expansion:

n n—|j|+1 j
GBY) () _ o2 3 Ol () 2% Cob (2,2)
-5 O'H Z z 0 Wz
v jzo qz_o ilj! o, T (12.10)
—|—O((5n+d)

Observe that 1;, and hence, W;; depends on J, and so does H. Thus the
formula (12.9) is not a genuine asymptotic formula. However, since it is simple
and has some potential applicability in solving the inverse problem for the
Helmholtz equation, we made a record of it as a theorem.
Observe that by the definition (12.6) of v, [|1i||z2(am) is bounded, and
hence
Wil <Cij, Vi, g,
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where the constant C;; is independent of . Since ¢ is small, we can derive an
asymptotic expansion of (¢;, ;) using their definition (12.6). Let us briefly
explain this. Let

515 - Sk
7|1 = | 1awgn| 1 asy
o  Ov

on 0B,

uw o Ov 4

and let Ty be the operator when 6 = 0. Then the solution (¢;,1;) of the
integral equation (12.6) is given by

-1 zt
{%‘] _ [HTOl(T(;—TO)] Tt 1 oa | (12.11)

Vi e

By expanding Ts5 — Tp in a power series of §, we can derive the expansions
of 1; and W;;. Let, for 4,5 € IN?, (3;,4;) be the leading-order term in the

expansion of (p;, ;). Then (@;, @ZZ) is the solution of the system of the integral
equations

~

SyP; — Sy =
19(8%¢:)| 1 0(Syv)| 19«8 ondB. (12.12)
[T Y o Ov

+_%8u

As a simplest case, let us now take n = 1 in (12.9) to find the leading-order
term in the asymptotic expansion of du/0v|gn as § — 0. We first investigate
the dependence of W;; on ¢ for |i| <1 and |j| < 1.If |i] < 1, then both sides
of the first equation in (12.12) are harmonic in B, and hence

S%p; — S%iz;i =2' inB.
Therefore we get

7:%? on 0B .

(8% %)
ov

B A(SYy)
v

This identity together with the second equation in (12.12) yields

_ (o r\O
o o) Ov

A
o) Ov '’

3 A(SYy)
o Ov

B A(SYy)
v

+

In view of the relation (11.4), we have

1 - 1 R
ﬁ(§1+/c*3)¢i - (— §I+/C*B>wi

Ho
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where KC}; is the operator defined in (11.6) when k = 0. Therefore, we have

~ ox!
=N — K5) 7 =— , 12.13
Bo= -k (5 ) (1213
where
A %4—1 %4—1 12.14
Tol oIy T ym o) (12.14)
Ho M

Here we have used the fact from Theorem 2.8 that the operator AI — K% on
L?(9B) is invertible. Observe that if |i| = 0, then ¥; = 0 and 8%%; = 1. Hence
we obtain 1; = O(5) and S p; = 1+ O(J). Moreover, since S ¢; depends
on § analytically and (A + £k262)Sk¢; = 0 in B, we conclude that

i =0(5) and SK¢; =1+0(%), i|=0. (12.15)
It also follows from (12.13) that if |i| = |j| = 1, then

. [0y
p— J _ )1
Wij /an (M - K%) (31/

The first quantity in the right-hand side of (12.16) is the polarization tensor
M;; as defined in (3.1). In summary, we obtained that

)(ac) do(z) + O(9) . (12.16)

OB

Wi; =M +00), lil=[j|=1. (12.17)

Suppose that either ¢ = 0 or j = 0. By (11.4) and (12.6), we have

gy = Q8B OSE )
! Ov n ov _
kS . i kod ),
_ mo 0(SFe) | _ 0a' _ 9(Sp" i) (12.18)
I v v v

It then follows from the divergence theorem that

/ xjwida:—kz(SQ@/ I Sh @de+k§62/ ISk de (12.19)
OB H JB

B
% aB 83&16/ S'eid oB 8; S pido -

From (12.19), we can observe the following.

Wiy = —K**L2B| + O() = ~wPepol Bl + O@) . lil =14 =0,

(12.20)
Wiy =0(%), lil=1,[j|=0, (12.21)
Wi; =0(8%), |if=0, |j|=1. (12.22)
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In fact, (12.20) and (12.22) follow from (12.15) and (12.19), and (12.21) im-
mediately follows from (12.19). As a consequence of (12.20), (12.21), (12.22),
and (12.10), we obtain

ko
W(x) = 0(6%), uniformly on x € 912 .
v

Since the center z is apart from 942, it follows from (11.24) that
|H(z) = U(z)| + |[VH(z) — VU(2)| = O(5?) .

We now consider the case |¢| = 2 and |j| = 0. In this case, one can show
using (12.18) that

W do = —/ Az’ dx 4+ O(6%) .
oB B

Therefore, if |j| = 0, then

3 %alﬂ(z)wﬁ — _AH(2)|B| + 0(5%) = K2H(2)|B| + 0(5%) . (12.23)

=2 151

So (12.9) together with (12.17)-(12.23) yields the following expansion for-
mula of Vogelius-Volkov [259]. In fact, in [259], the formula is expressed in
terms of the free space Green’s function I} instead of the Green’s function
G, However, these two formulae are the same, as we can see using the rela-
tion (11.20).

Theorem 12.3 For any x € 012,

ou oUu

5(1’) = %(x)

Maszko (z,2)
vy

+ O(5d+1) ,

OGy, (z, 2)

+w?po(e — 0)| B|U(2) o, ) (12.24)

+ 54 <VU(z)

where M is the polarization tensor defined in (8.1) with \ given by (12.14).
Before returning to (12.9) let us make the following important remark.

The tensors W;; play the same role as the generalized polarization tensors.
As defined in Chap. 3 the GPT’s are given for i, j € IN¢ by

Mij = /33 w%@(w) dU(U)) ,

where QZZ is defined by (12.12). The following result makes the connection
between W;; and M;;. Its proof is immediate.
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Lemma 12.4 Suppose that a; are constants such that Z a;w' is a harmonic

i

ZaiWij — ZaiMij asd — 0.

Observing now that the formula (12.9) still contains 9°H factors, the re-
maining task is to convert (12.9) to a formula given solely by U and its deriva-
tives. Substitution of (12.10) into (11.24) yields that, for any = € {2,

polynomial. Then

et ALl i il

5d2z Z

§=0  [il=0
+O(5m Y

001Gy, (z, 2)
vy

H(2)S8( Wi (12.25)

lJl

In (12.25) the remainder O(6"*9) is uniform in the C"-norm on any compact
subset of {2 for any n € IN and therefore

n+1 n+1—|j]|
@H)(2)+ 52 3 SHIGH )Py, = (@U)(2) + 0(6¢).
[7]=0 ]i|=0

for all v € IN% with |y| < n + 1 where

001G, (-, 2)

1 k
Pijy = z’!_j!W”mS”O( )

vy I
Define the operator Ps by
n+1 n+1—|jl
Pa o hyenen = (146472 30 30 iy, ) |
l71=0 |i|=0 yEN? |y|<n

Observe from (12.11) that Ps can be written as
Ps =T+ 6P +...+ 5" p, |, + 0™,
Defining as in (4.17) Q,, p=1,...,n—1, by
(I4+09Py +... 46" 1p, )L =T+467Q, +...+ 6" 1Q, 1 +0(6""Y),
we finally obtain that
(0"H)(2))iewd jij<ns1 = (I+Z 5P ((0'U)(2))ienva jij<nsa O
p=1

which yields the main result of this chapter.
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Theorem 12.5 The following pointwise asymptotic expansion on 02 holds:

n+1 n+1=15] Cpp04
ou aU s, §lil+l
5™ =3, D *° ||Zo |-Zo i
J i|=

nt2—i|—|j]—d
[((H S g ) ey,

e i vy

+O((5"+d) ,

where the remainder O(64T") is dominated by Co*"|| f|ly2 (90 for some C
2

independent of x € 012.

When n = d, we have a simpler formula

d+1 d+1-15] cpi1pp4 j
ou a §|ZH‘|J| X anGk (:17 Z)
+5d 2 — U () =W
81/( @) = JZO li|=0 ilj! ) vy ! (12.26)

0(5“) .

Let us now consider the case when there are several well separated in-
clusions. The inclusion D takes the form U™ ,(§Bs + z5). The magnetic per-
meability and electric permittivity of the inclusion §Bs + zs are us and &,
s = 1,...,m. By iterating the formula (12.26) we can derive the following
theorem.

Theorem 12.6 The following pointwise asymptotic expansion on 02 holds:

ou oUu
20y = 2wy
m  d+1 d+1—|j] 5‘ i1 . 38£Gk0(1‘,2’) (12.27)

042y N

s=1j]=0 [i]=0

s 2d

Here W£ is defined by (12.8) with B, u,e replaced by By, s, €.

)

We conclude this chapter by making one final remark. In this chapter, we
only derive the asymptotic formula for the solution to the Dirichlet problem.
However, by the same method, we can derive an asymptotic formula for the
Neumann problem as well.
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Reconstruction Algorithms

Our goal in this chapter is to use the expansion (12.27) for efficiently deter-
mining the locations and/or shapes of the small electromagnetic inclusions
from boundary measurements at a fixed frequency.

Assume that d = 3 only for the sake of simplicity. We develop two algo-
rithms that use plane wave sources for identifying the small electromagnetic
inclusions. We suppose that the boundary condition is given by

iko6-
f =it

where 6 is a vector on the unit sphere S2 in IR, §-0 = 1. We propose in this
chapter two efficient and robust non-iterative algorithms for reconstructing
the electromagnetic inclusions {D;}7 ; from limited voltage-to-current pairs

_— ou
(u = 00750, %‘89) :

The first algorithm, like the variational method in Sect. 5.4, reduces the re-
construction problem of the small inclusions to the calculation of an inverse
Fourier transform. The second one is the MUSIC (standing for MUltiple-
Signal-Classification) algorithm. We explain how it applies to imaging of small
electromagnetic inclusions.

Another algorithm based on projections on three planes was proposed and
successfully tested by Volkov in [261].

Note that algorithms similar to those proposed in this chapter can be
designed in the context of the full time-harmonic Maxwell equations.

13.1 Asymptotic Expansion of a Weighted Combination
of Voltage-to-Current Pairs

According to (12.27) the following asymptotic formula holds uniformly on 942:

H. Ammari and H. Kang: LNM 1846, pp. 207214, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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u, . AU sx- [ Gk (2,25) o
5, (1) =5 (@) +9 ; [vy B M*VU (z,)

OGr, (2, 25)
vy

(13.1)

€
HRA(EE - 1) BJU(=4)| +0(").

0
where the remainder O(d%) is independent of the set of points {z4}™ ; provided
that the inclusions are well-separated from each other and from the boundary,
and M?® is a the polarization tensor of Pdlya—Szeg0, associated with the s-th

inclusion B, and the conductivity ps/po.
Let H(x/|z|, 0, ko) be defined as the function satisfying

ou

) ik| | 1
iko6- _ T €
—Salg-lony))(@) + Do(e™¥]oe)(x) = 7‘5(—le 0, ko)—4ﬁ|x| + O(_x2>

as |z| — oo. Note that H(x/|x|, 8, ko) is directly computed from the current-to
voltage pairs (e?*09¥|50, Ou/0v|sq). The following asymptotic formula holds
uniformly on & = x/|z| and 6.

Theorem 13.1 We have
H(‘(i’.7 97 ko)

:63k2 P MS-0 5_5_1 By thko(0—2) -z 064
530 [e a0 (2 - i o +0(")

s=1

(13.2)

for any & and 0 € S?, where O(6*) is independent of the set of points {zs}™ ;.

Proof. Tt immediately follows from (13.1) that

0
- 39(6—Z|arz) + Da(ulag)
oU " OG-, 2s
= =Sa(5loa) + Da(Ulsa) - &° ; {vysg(%) - MPVU (25)
2.8 G, (., 25) &
+ko(€0 1)59(7(% ) Bs|U (zs) +0(|x|)-

By (11.19) we have

aGk}g(w y)

Sa( ov

)(z) =Th(z—y), YVeeR*\2,Vyen.
Combining this relation with the following easy-to-check fact

—S_Q(g—[l{bg)(l') +Do(Ulsn)(x) =0, Vaxe R? \ﬁ ,

we readily get that for 2 € R®\ 22



13.2 Reconstruction of Multiple Inclusions 209

Ou 3 - s
~Sa( G lan)(@) + Palulan)(x) = —5* 3 | VuTiufe =) MVUL=)
9,Es 54
+ho(= = DIk (2 = 25)|Bs|U(25) | +O(—) -
€0 ‘I‘
Since hola] ko
etkolz e—l om'zs 1
Lo (0 — 25) = —WT + O(w)
and olsl 4
VLl - 20) = S AT ko o,

x| 4|z |2

as |x| — oo, we obtain the desired asymptotic formula (13.2) which holds
uniformly on # = x/|z| and § in S?. O

In the following section we develop an algorithm for reconstructing the lo-
cations and order of magnitude of the inclusions from the function H(z, 0, ko)
at fixed kg.

13.2 Reconstruction of Multiple Inclusions

13.2.1 The Fourier Transform Algorithm

In this subsection we present a linear method to determine the locations and
the polarization tensors of several small inclusions from limited voltage-to-
current pairs. Based on the asymptotic expansion (13.2) we reduce the re-
construction of the small electromagnetic inclusions from limited voltage-to-
current pairs to the calculation of an inverse Fourier transform. This method
follows the lines of the method proposed in [16] for reconstructing a collection
of small inclusions from their scattering amplitude at a fixed frequency.

For convenience we are going to assume that By, for s = 1,...,m, are
balls. In this case, according to (3.22) the polarization tensors M® have the
following explicit forms:

M?® = mslg 5

where I3 is the 3 x 3 identity matrix and the scalars m, are given by

s — Ko
ms = 3|Bg| ———— .
3 ‘ S‘ﬂs+2,u0

We are in possession of H(&;, 0y, ko) for a collection of pairs (Z;, 6;), where
I=1,...,Land!'=1,...,L". Let, for &,0 € S,

2. 0) = §3k2 iko(0—%)-zs 30 5_5_1 B.|| .
0(0.0) = Y e mei 0+ (- 1|,

We first observe that
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g(2,0) = g(—0,—-2), Vi,0ecS?.

Define, for I =1,...,L and I’ =1,..., L, the coefficients a;; by

ayy = H (&, 0, ko) -

The reconstruction procedure is divided into three steps.

Step 1: Given that

g(z1,00) = ayy

we can compute using the Fast Fourier Transform (FFT) an accurate
approximation of g(Z,6) on S? x S2.

Step 2: Let M denote the following complex variety

M—{£e®3,§-§_1}.

Tt is easy to see that ¢g(Z, 6) has an analytic continuation to M x M. Let
(Yp.q)—p<q<pp—0.1,... denote the normalized (in L?(S5?)) spherical harmon-
ics. Denote by g, , the Fourier coefficients of g

9(#,0) =D gpg(#)Ypq(0) , Vi,0€ 5. (13.3)

p.q

Recall that from Step 1 we are in fact in possession of an accurate ap-
proximation of g, (%) on S? for —p < ¢ < p and p < P for some P. In
view of (13.3), the analytic continuation of the truncated Fourier series

Z Ip,q(2)Yp,q(0)

p,¢;p<P

of g(z,0) on M x M can be obtained by using the standard analytic
continuation of the spherical harmonics (Y}, 4())p,q on the complex variety
M followed by other analytic continuation of the Fourier expansion in Z.
We know that the analytic continuation of ¢ defined from S? x S2 to
M x M is unique. In fact, M is a two dimensional complex variety and
S2 is a totally real two dimensional real sub-manifold of M. Thus an
analytic function which vanishes on S? must be 0, see for example [43].

Step 3: Recalling that given a;p for I =1,...,L and I’ = 1,..., L’ we have

constructed by Step 1 and Step 2 an accurate approximation of the func-
tion ¢(&,0) that is analytic on M x M and is such that

g(i:l,ﬁl/)zal,p, Vlzl,...Landllzl,...,L’.

But for any ¢ € IR® we know that there exists &, and & in M such that
& = (& — &) /ko. Tt suffices to choose

¢ , S ,
51—2k0+7‘C+”77§2— 2k0+7’C+”7
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with 7 € R and ¢,n € IR® such that
£-¢=¢n=Cn=0¢=1

and

|§\

Let us now view (a;1/) as a function of ¢ € IR®. We have

g@@n—ﬁﬁzin{mafﬁwg—nBs

s=1

and since

§1-&=1— WK\Q

we can rewrite g as follows

_ o~ omites [3lHs — o) oy
o6 ) = 0" S e [BLi - i)+ 2
(13.4)

Define
&) =9(&1,&),

and note that we are now in possession of an approximation to £(¢) for
any ¢ € IR3. Here we rely on the fact that the analytic continuation is
unique.

Recall that e~%# (up to a multiplicative constant) is exactly the Fourier
transform of the Dirac function ¢, (a point mass located at z5). Multipli-
cation by powers of £ in Fourier space corresponds to differentiation of the
Dirac function. Therefore, using the inverse Fourier transform we obtain

E= i(si”Ls(szs ,
s=1

where L are, in view of (13.4), second-order constant coefficient differen-
tial operators.

Hence £(€) is the Fourier transform of a distribution with its support at the
locations of the centers of inclusions zs. Therefore, we think that a discrete
inverse Fourier transform of a sample of £(£) will efficiently pin down the
zs’s. The method of locating the points zs is then similar to that proposed
for the conductivity problem in Sect. 5.4. Recall that the number of data
(sampling) points needed for an accurate discrete Fourier inversion of £(§)
follows from the Shannon’s sampling theorem . We need (conservatively) of
order (h/§)? sampled values of ¢ to reconstruct, with resolution of order §, a
collection of inclusions that lie inside a square of side h. Note, however, that



212 13 Reconstruction Algorithms

real measurements are only taken in Step 1. It remains to be seen how many
such measurements are needed. Once the locations {z,}7; are known we may
calculate | B| by solving the appropriate linear system arising from (13.4).
If By are general domains our calculations become more complex and
eventually we have to deal with pseudo-differential operators (independent
of the space variable x) applied to the same Dirac functions. The feasibility
of this approach is illustrated in the following numerical examples from [146].

Fig. 13.1. Reconstruction of five electromagnetic inclusions of the shape of balls in
[~10,10]3.

Fig. 13.2. Reconstruction of five electromagnetic inclusions with 10% noise.
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13.2.2 The MUSIC Algorithm

Following Cheney [77] we briefly present the MUSIC algorithm. This is essen-
tially a method of characterizing the range of a self-adjoint operator. Suppose
A is a self-adjoint operator with eigenvalues \; > Ay > ... and corresponding
eigenvectors v, ve,.... Suppose the eigenvalues A,y1, Ap42,... are all zero,
so that the vectors v,y1,vn42,... span the null space of A. Alternatively,
An+1, Ant2, - .. could merely be very small, below the noise level of the system
represented by A; in this case we say that the vectors v, 11, vUpy2, ... span the
noise subspace of A. We can form the projection onto the noise subspace; this
projection is given explicitly by P gise = Zp>n UP@T, where the subscript
T denotes the transpose and the bar denotes the complex conjugate. The
(essential) range of A, meanwhile, is spanned by the vectors vy, va, ..., vy.

The key idea of MUSIC is this: because A is self-adjoint, we know that
the noise subspace is orthogonal to the (essential) range. Therefore, a vector
f is in the range of A if and only if its projection onto the noise subspace is
zero, i.e., if || Pygigef|| = 0, or equivalently,

1

1A

T = +00. (13.5)
noisefH

Equation (13.5) is the MUSIC characterization of the range of A. If A is not
self-adjoint, MUSIC can be used with the singular-value decomposition (SVD)
instead of the eigenvalue decomposition.

MUSIC is generally used in signal processing problems [251] as a method
for estimating the individual frequencies of multiple time-harmonic signals.
Devaney [99] has recently applied the MUSIC algorithm to the problem of
estimating the locations of a number of point-like scatterers. See also [61] and
[74].

In this subsection we apply the MUSIC algorithm to determine the loca-
tions of several small inclusions from limited voltage-to-current pairs.

Let (61,...,6,) and (21,...,2,) € (S?)" be n directions of incidence and
observation, respectively. Our inverse problem is to determine the locations
21y .oy 2m from H(Zy, 01, ko).

Defining the matrix A = (Ay)f,—; € C"*" by

Aw =Y (— 000+ (22— 1)Bs>e"k°(9’*9“‘z% LU =1,
s=1 €0
we observe that

83k 2 H (3, 0p, ko) ~ Ay .

T;=—0;

Introduce the notation

T
Vs = ((17 ;)T etkotzs (1, Hn)Teik‘)Q”'%)
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to rewrite the matrix A as a sum of outer products:

€s

(=—=1IBs| 0

A:sz €o vl
s=1 0 M3

Our matrix A, called the multi-static response matrix, is symmetric, but
it is not Hermitian. We form a Hermitian matrix A = AA. We note that A is
the frequency-domain version of a time-reversed multi-static response matrix;
thus A corresponds to performing an experiment, time-reversing the received
signals and using them as input for a second experiment [201, 233, 234, 61].
The matrix A can be written as follows

Es
(_ - 1)‘Bs| 0

m m
A= E Ty €0 e E Vg €0 ol
s=1 s=1

w

0 M?®

For simplicity we consider only the case n > 3m. For any point z € {2 we
define g, by

T
9. = ((1,91)Teik091'<...,(1,9n)Teik09n-Z) .

It can be shown that there exists ng € IN such that for any n > ng the
following statement holds [178, 146, 15]

9. € Range(A) if and only if z € {z1,...,2m} .

The MUSIC algorithm can now be used as follows to determine the location

of the inclusions. Let P, qise = I — P, where P is the orthogonal projection

onto the range of A. Given any point z € (2, form the vector g,. The point z
coincides with the location of an inclusion if and only if P i509. = 0. Thus we
can form an image of the inclusions by plotting, at each point z, the quantity
1/1|Pppised=||- The resulting plot will have large peaks at the locations of the
inclusions. _

As pointed out the eigenvectors of the Hermitian matrix A can be com-
puted by the SVD of the response matrix A. The eigenvalues of A are the
squares of the singular values of A. An immediate application of the SVD of
A is the determination of the number of inclusions. If, for example, us # po
and €5 # g for all s = 1,...,m, then there are exactly 3m significant singular
values of A and the rest are zero or close to zero. If therefore the SVD of A has
no significant singular values, then there are no detectable inclusions in the
medium. Now, when there are detectable inclusions in the medium, we can use
the singular vectors of A to locate them since these vectors span the range of
A. We have, in fact, a one-to-one correspondence between the singular vectors
and the inclusions [233, 235].
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Appendices

A.1 Theorem of Coifman, McIntosh, and Meyer

The proof of Theorem 2.4 is based on the following celebrated theorem of
Coifman, McIntosh, and Meyer [87].

Theorem A.1 Let A, ¢ be Lipschitz functions on R4, The singular integral
operator with the integral kernel

A(x") = A(y')
(2 = /12 + (p(a') — o(y))?) #

is bounded on L?>(IR*™1).

Theorem A.1 was proved by reducing the matter to the one dimension
using the method of rotation of Calderén, and then by using the following
general theorem obtained in the same paper.

Theorem A.2 Let K be a compact convex subset in the complex plane, U be
an open set containing K, and F : U — C be a holomorphic function. Let A
and B be Lipschitz functions on IR such that
Alz) — Aly)
r—y

eK.

Then the principal value operator defined by the kernel

Be) = B) p (42)— 4

(x —y)? T—y

is bounded on L*(IR).
The L2-boundedness of the operators Kp and K% in Theorem 2.4 follows

immediately from Theorem A.l. In order to keep the technicalities to the

H. Ammari and H. Kang: LNM 1846, pp. 215221, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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minimum, we suppose that d > 3, and the domain D is given by a Lipschitz
graph, namely, D = {(z/,zq) : ©q = @(z')}, where ¢ : R — R is a
Lipschitz function. If © = (2/, z4),y = (v, ya), then Kp is the principle value
operator with the kernel

1 o(y) —e@@) =y — ', Vo))
wa (|2 =y > + ((a') — (y)?)*

and K7, is the principle value operator with the kernel

1 (o) —o(y) = (& =y, Vo) v1+ [Vely)?

wi (' =y + (p(a') = p(y))2) s /T + V(e
From Theorem A.1 (with first A(z') = 2/, then A(2’) = p(2’)) and the bound-
edness of Vi (z') we conclude that Kp is a bounded operator on L?(9D).

The integral kernel for the same operator Kp for the Lamé system involves
terms defined by

(=) —y;)* (2} — y3)
‘I' _ y/‘d+2

The L2-boundedness of such operators can be proved in a similar way using
the method of rotation and Theorem A.2.

A.2 Continuity Method
Theorem A.3 For 0 < t < 1 suppose that the family of operators A; :
L2(R¥Y) — L2(RYY) satisfy

(1) [Aedl]L2(ma-1y > Cll@ll 2(ra-1), where C' is independent of t,
(i) t — Ay is continuous in norm,

(iii) Ag : L2(RY™1) — L2(IRI™Y) is invertible.
Then, Ay : L2(R™Y) — L2(R™!) is invertible.

We give a brief proof for the readers’ sake. Let
T := {t €[0,1] : A; is invertible on L2(1Rd—1)}.

Then T is nonempty by (iii). We can infer from (ii) that 7" is an open subset
of [0,1]. To prove that T is closed, choose a sequence t;, j = 1,2,..., from T
and assume that t; converges to to as j — oo. For a given g € L2(R*™!) let
[j be such that Ay, f; = g. Then by (i) there is a subsequence of f;, which is
still denoted by f;, converging weakly to, say, fo. We claim that A; fo = g.
In fact, if h € L2(IR?"'), then

<Atof0 - gvh> = <Ato(f0 - fj)g7h> + <(At0 - Atj)fj7h>
= ((fo = fi)g, Ai,h) + (At — Ae))f5,h) = 0 asj—oo.
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A.3 Collectively Compact Operators

Let {K,}, /> be a sequence of bounded, linear operators of a Banach space
B (into itself). We say that the family of operators {K,}> is collectively
compact iff the set {K,(z) : n > 1,||z|| < 1} is relatively compact (its closure
is compact) in B. The following result is the first assertion in Theorem 4.3 in
[35].

Theorem A.4 Let K and K,,n > 1, be bounded, linear operators of a Ba-
nach space B. Assume that K, — K, pointwise, and that {K, — K}/ is
collectively compact. For any scalar, A, the following two statements are equiv-
alent

(i) A\ — K is an isomorphism.
(i) There exists N such that \I — K, is an isomorphism for n > N, and the
set {(A\ — K,)™' : n > N} is norm bounded.

A.4 Uniqueness for the Inverse Conductivity Problem

Let £2 be a simply connected Lipschitz domain in R, d > 2, and let D be a
compact subdomain of 2. Let g € L3(92). Fix 0 < k # 1 < o0 and let u
and U be the solutions of (2.37) and (2.38).

The inverse conductivity problem is to find D (and k) given f = ulan
for one g (one boundary measurement) or for all g (many boundary measure-
ments). In many applied situations it is f that is prescribed on 92 and g
that is measured on 92. This makes some difference (not significant theoret-
ically and computationally) in the case of single boundary measurements but
makes almost no difference in the case of many boundary measurements, since
actually it is the set of Cauchy data {f, g} that is given.

A.4.1 Uniqueness With Many Measurements

Our purpose here is to state and prove a special case of the general uniqueness
result due to Isakov [156]. We will need the following lemma which was first
obtained in [172].

Lemma A.5 Let u and U be as in Lemma 2.21. Then there are positive
constants C1 and Cs depending only on k such that

/{m(U—u)gdU /69(U—u)gdor

Proof. This lemma is a direct consequence of Lemma 2.21. Suppose first that
k > 1. It follows from (2.58) that

Gy

g/ VU2 dx < Cy
D

(A1)
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/ (U —wu)gdo >0,
o0

and hence by (2.59)

/ (U—u)gdag(k—l)/ |VU|? da .
o0 D

On the other hand, using (2.58), we arrive at
k
/ |VU|2dx§/ |Vu|2dx—|—/ V(u—U)*dz < —— (U—-wu)gdo .
D D D k=1 Js0
If £ <1, then
/ (U —wu)gdo <0,
a9

and we can proceed in the same way to prove the claim. O
We define the set of Cauchy data

B D B
Cos :{(um, a—zbg) cue W), Au= 0 in (2\D)UD, a—Z|+ - ka—Z\,} .

In fact, Cp i is a graph, namely
Cos ={ (/A1) € W}(02) x W? (02) }

where A(f) = 0u/dv|sg with u € WH2(£2) the solution of
V- <1+(k—1)X(D)>VU—O in 2,

ulogo = f.

The operator A is the Dirichlet-to-Neumann map in this case.
The following theorem is a special case of the general uniqueness theorem
due to Isakov [156].

Theorem A.6 Let 2 be a Lipschitz bounded domain in RY,d > 2. Suppose
that D1 and D2 are bounded Lipschitz domains such that, forp =1, 2, D_p C 2
and 2\ D, are connected. Suppose that the conductivity of D, is 0 < k, #
1< +o0,p=1,2. IfCthl = CD%/%, then Dy = Doy and k1 = ks.

Proof. For a fixed but arbitrary g € L3(9£2), let u,, p = 1,2, be the solution
to

V- (1 + (ky — 1)X(Dp))vup =0 in,

Ouy,

ov

=g € L3(00), / u, =0,
o0 o0
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and U be the solution to (2.38). If Cp, %, = Cp, k,, then u; = ug on 942, and
hence
/ (U —wuy)gdo = / (U —wuz2)gdo .
a0 a0
It then follows from Lemma A.5 that

/ VU2 do =~ / VU2 dz . (A.2)
Dy D»
Observe that (A.2) holds for all U € W12(£2) harmonic in {2.

Suppose that D; # Do and assume that D; is not a subset of Dy without
loss of generality. Then there is 29 € D; such that zy is away from Dy. For
z ¢ D1 UDsy let I',(x) := I'(x — z) where I' is the fundamental solution for
A. Then, I, is harmonic in a neighborhood of Dy U Dy. Therefore, by the
Runge approximation, there is a sequence of entire harmonic functions which
converges uniformly on Dy U Dy to I',(z). It then follows from (A.2) that

/\VFZ\Qd:c%/ VI, |[*dz , (A.3)
D] D2

regardless of z. As z — zg, the left-hand side of (A.3) goes to co while the
right-hand side stays bounded since zy is away from Ds. This contradiction
forces us to conclude that Dy = Ds.

Let g € L%(0£2) be nontrivial. Let f = u; = uy on 92 and \, =
(kp +1)/(2(ky — 1)),p = 1,2. Let H = —Sqof + Dag in R?\ 892. By the
representation formula (2.39), it follows that for p = 1,2,

up, = H +Sp,(M\pI — KD )_1(8—H in 2.
v v oD,
Then
OH OH
I_ * -1z = I— * -l 2= i Q .
ST = Kb) (G| ) =800l ~Kb) G )

Consequently, we can see that du;/0v|y = OQua/Jdv|s on 0D1(= 0D3) and

thus 5
Uy
k1 — ko) —
(k1 2) ov | _
It then suffices to prove that du;/Ov is not identically zero on dD;. Suppose
that Ou1/0v = 0 on dD;. From the uniqueness of a solution to the Neumann

problem, it follows that u; is constant in D and hence

8U1/8V|+ = 8“1/81/‘, =0on 8D1 .

=0 ondD;.

Therefore o
)=0,

ov oD,

which implies that dH/Ov = 0 on dD; and so the harmonic function H is
constant everywhere in (2. This leads us to a contradiction. 0O

(M =Kp,)7(
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A.4.2 Uniqueness of Disks With One Measurement

Let {2 be a simply connected Lipschitz domain in R? and let D,,p=1,2be
compact subdomains of 2. Fix 0 < k # 1 < 400 and let u,,p = 1,2 be the
solutions of

& (1 + (k- l)x(Dp))Vup =0 in {2,
(A4)

Ouy, B 9 / _

9 g g € L§(002), o up =0.
The uniqueness question here is whether from u; = ug on 942 for a certain g,
it follows that D; = Dy. This question has been studied extensively recently.
However, it is still wide open. The global uniqueness results are only obtained
when D is restricted to convex polyhedrons and balls in three-dimensional
space and polygons and disks in the plane (see [48, 46, 122, 159, 242, 169, 170]).
Even the uniqueness within the classes of ellipses and ellipsoids is not known.
We give here a proof due to Kang and Seo [168] for the unique determination
of disks with one measurement.

Theorem A.7 Let 2 be a simply connected Lipschitz domain in RY and let
Dy and Dy be two disks compactly contained in (2. For any nonzero g €
L3(092) if u1 = ug on 812 then Dy = Ds.

Proof. Let f = u3 = ug on 82 and A = (k+1)/(2(k — 1)). Let H =

—Sof +Dpg in R*\ 8£2. By the representation formula (2.39), it follows that
forp=1,2,

1 OH

’LLp = H + XSDP(E

(i) The monotone case: Assume that Dy C Dy. Then u; = uz on 942 implies

/ (L+ (k= 1)x(D1))Vur - Vp = / (14 (k= 1)x(D2))Vuz - Vi,
0 0

) in £2.
oD,

and hence for all n € W12(02),
[ = D)V —u) Vo= (b -1) [ Fup- vy (A5)
0 D2\D1
Consequently, substituting n = u; and n = u; — ug in (A.5), we obtain
/(1—|—(k—1)x(D1))|V(u1 —uz)|2—|—(k—1)/ |Vug|* =0.
9] D2\D1
Here we have used the fact that

/! (1 (k= 1x(D1) Vs = 2) - VU = 0.

So, if £ > 1 then u; = us in {2 and therefore by the transmission condition
we conclude that D1 = D5 since otherwise u; =us =0in 2. If0 < k < 1
we interchange the roles of D; and D5 to arrive at the same conclusion.
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(ii) The disjoint case: If Dy and D5 are disjoint, then

0OH 0OH

—| )=8p,(=—| ) inR*\DUD,

o |sp, o |sp,
implies that Sp, (%—fbpl) is harmonic on IR? and hence dH/dv = 0 on
0D and H is a constant function which is a contradiction.

(iii) The non-monotone case: Recall that if D, is a disk then K}, = 0 on

L3(0Dy). From u; = ugs on 942 it follows by using the representation
formula (2.39) that

OH

SDI(_

B ) inR*\D;UD,.

0D>

Assume that none of D and D4 contains the other. Assume that D; and
D5 are not disjoint. Since
0 OH

10H
a5 (5,

p

Dy

it follows from the uniqueness of a solution to the Neumann boundary
value problem for the Laplacian that

OH 1
SDP(E Dp)__§H+CP 1n Dp
for some constant c,. Hence
OH OH )
SDI(E Dl) = SDQ(5 Dz) + constant in D; N Dy .

Since g o

Spy (| )=8p,(=—| )inR*\D;UD

i (5, Dl) Dy (5, Dz) in R"\ Dy U D, ,
we get by the continuity of the single layer potential that
OH OH
Sp, (— =S8p,(— in D1 N Dy .
Dl( al/ Dl) D2( ay D2) m 1 2

Hence

OH OH

Sp, (— =Sp,(— (D1 \ D2)U0(D2 \ D
by |, )= SpulGy | ) on 9D\ D) UAD:\ Dy).
and by the maximum principle
OH OH ) 9
SDl(W - ) _SDZ(E - ) in IR™.
1 2

Therefore Sp,(0H/0v|p,) is a harmonic function in the entire domain
IR?, and so 9H/Ov = 0 on dD; and H is a constant function which is a
contradiction. O

Note that in the monotone case global uniqueness holds for general domains
[47, 2].
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